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Introduction
This work is designed for advanced secondary mathematics students and perhaps 1st year undergraduate students who want 
a deeper understanding of mathematical induction and its many  applications.  The material ranges over several areas and 
brings together many important techniques and significant results. It is intended to stimulate and extend serious students of 
mathematics as well as those who have an interest in mathematics but find that it is difficult to "contextualise" what they are 
being taught. It is NOT intended for students training for maths Olympiads. The approach is unashamedly idiosyncratic and 
discursive,  and is little more than a front for integrating inductive proof techniques into a range of material covering  
algebra, combinatorics, probability  theory, mathematical logic, quantum mechanics and more.  Historical material is also 
included to put things into perspective.  This work (which is more like an extended series of lectures)  is not intended as 
�“cram�” material (indeed it is the sort of �“reflective�”  mathematics one cannot usually  do under the pressure of getting 
through exams)  but because every step is set out,  the gaps are filled in for those students who can�’t see every step  so that 
they can benefit from following the proofs through. Those who can see proofs without all the detail can pursue deeper 
insights through the books and articles mentioned. Teachers could extract material as appropriate and fashion it into what-
ever format suits their teaching style.   There are many problems ranging from the easy to the difficult. In short there is 
something for everyone.   For a more detailed background on why  I have produced this work and what other projects are in 
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progress, see  the Background section at the end of this document .

There is an extensive problem set with full solutions. I have consciously tried to cover a range of difficulty in the problems 
some of which involve very important building blocks of one's mathematical competency.  There is one bit of advice that the 
late and great Paul Halmos used to give to students and that is: Do not look up the solution until you have made a real 
attempt to solve the problem ! You will find that when you try to solve problems and think about them deeply yourself you 
will see things that may open up other areas of inquiry and so further develop your understanding.

The theoretical part is broken up into 4 parts: 

(1) The first part contains the general theory of induction in its various forms along with a series of analytical building 
blocks that are used throughout the problems.  Basic set theory and quantificational logic is explained.

(2) The second part deals with the use of induction in the context of a proof of Taylor's Theorem and how it and induction 
are used in the development of Feynman's path integral

(3) The third part deals with the use of induction in probability theory.

(4) The fourth part deals with the application of induction and recursion theory in the context of Godel's  Undecideability 
Theorem

There is a Problem Set plus a Solution Set which gives detailed solutions to the problems. Some problems eg Problem 49 
(which really has nothing to do with induction), for example, have a large number of sub-problems which could be used in 
isolation because they are inherently important results.

There is a range of difficulty in the problems. For instance,  Problem 1 is easy while Problem 49 would certainly stretch 
most high school students even though it is broken down into bite sized chunks. There is no linear relationship between the 
difficulty of problems 1 to 50.  Teachers could select ones that provide some confidence boosting for students and then move 
on to more difficult ones.
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Above all, this article is about showing those who have an interest in mathematics how powerful some basic ideas are and 
just how far you can take them. It is about seeking to inspire people to look further afield and expand their knowledge.

There is a vast array of significant issues which involve mathematical induction at some level.  Serious mathematicians will 
probably laugh (and one already has!) at the concept of a lengthy paper on induction.  However, the purpose of this article is 
to take some significant problems and show how induction figures in them.  Beginning mathematicians get to see how 
induction figures in more significant problems.  However, it really is a thinly veiled front for roaming across a range of 
material that ought to get students who are tentatively interested in maths more interested.  Along the way  you  experience a 
wide range of mathematical concepts which are important in their own right.  Students who get sick of trigonometry taught 
be reference to ladders placed against walls may appreciate where I am coming from. G. Polya�’s   book �“How to Solve It - 
A New Aspect of Mathematical Method" ,  2nd ed, Princeton University Press, 1985 is a useful reference material for 
students who are interested in developing a deeper understanding of how to solve problems.   Terence Tao's "Solving 
Mathematical Problems - a personal perspective", Oxford University Press, 2006 is worth reading given the detailed 
insights he gives in relation to a whole range of problems. As you work through the problems you will see how applications  
from one field eg combinatorics, can be used in other apparently  unrelated fields.  The more maths you do the more you will 
see the interconnections. Indeed, maths is all about the interconnections.

How should you approach this article?

There is a lot in this article - it is multidimensional and I have tried to include material that will cater to the interests of 
various students. There is a range of exercises and, given that this article is pitched at people who already have some basic 
affinity with maths, there ought to be something for most students .  The sort of spirit the paper reflects is best expressed by 
a young man on his way to making a name for himself as a professional mathematician.  He had heard about Wiles�’ proof of 
Fermat�’s Last Theorem and the role elliptic functions played  in the proof.  He wondered what these elliptic functions were, 
and so began his journey which took him to doing a doctorate in number theory at Princeton  supervised by Wiles himself.  
For other students who don't want to pursue an academic career but who find the teaching of high school  mathematics 
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uninteresting the main objective has been to take a really basic concept (induction) and relate it to a wide range of material in 
a hopefully more interesting way than is usually the case.

I have sought to flesh out interconnections in ways that are not often made explicit and often this is in the nature of explain-
ing certain fundamental building blocks.  Some material will go over the heads of some students but the references are there 
so they can go and read the primary material. In relation to the material on Feynman�’s path integral approach, it is likely that 
many physicists  have never read the original thesis, so  seeing how Feynman  actually �“did the business�” is worth the 
trouble for the experience even if you don't follow every step.  However, the bit I focus on is a very narrow issue and if you 
spend the effort you should be able to see how it works , even if only at the most general level. Some things have to be taken 
on faith in the development but this is no different to high schools physics in general.  

In terms of proofs, I have included laborious details so that no-one should really get lost.  I am not a follower of the  �“it can 
easily  be seen that..." approach to  teaching maths.  My view is that such an approach is at least partly to blame for declining 
interest in mathematics, especially given that maths today is so highly specialised. Often really fundamental concepts  in 
maths take a while to �“click�” and  a compelling visual or oral example can have an enormous impact on understanding.  The 
concept of homeomorphism was once described rather scatologically by a lecturer to me  this way: �“Your a*** is homeomor-
phic to a hole in the ground�”.   Politically incorrect by today's standards but over 35 years later I can still remember this 
analogy. He did also mention that it involved concepts of functions being bi-continuous and bijective  (ie the function and its 
inverse being continuous and also being 1-1 and onto) !!  

There are some astonishingly  good resources available for free on the internet if you want to spend the time looking for 
them. I have included some links to relevant websites.  I have only chosen websites where I think the material is presented 
rigorously.

Let�’s take some  examples. 

Taylor�’s Theorem is one of the most powerful techniques you will come across.  Virtually every major problem (and many 
minor ones) in physics  involve the use of Taylor�’s Theorem at some level. It is important therefore to understand the proof 
(which involves induction) and then see how it has been used in a significant application.  For this purpose I have chosen 
Richard Feynman�’s PhD thesis in which he developed his path integral approach to quantum theory. No doubt teachers of 
mathematics and physics  will think I am crazy for even attempting this because of all the mathematical and physical  
building blocks that one would need to lay down to impart a complete understanding. At one level this comment has some 
force but what I have done is to take a very specific but apparently  quite �“elementary�”  application of Taylor�’ s Theorem in 
the context of quantum theory and develop the necessary bits around that.  It isn�’t complete but there is much that is taught 
that is far from complete (like high school and undergraduate integration theory for example).  What I hope to do is to shed 
some light on how a particularly talented physicist  used some  simple mathematical tools (or at least made it look that way!) 
to generate some equally astonishing results in the real world of physics.  You be the judge. 
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The modern theory of probability  is based on Lebesgue (pronounced �“le-baig") measure theory and the fundamental set 
theoretic building blocks of that theory  also involve inductive proofs at various levels.  Induction is often used in proving 
various combinatorial results.

Induction plays  a fundamental role in systems  encountered in mathematical logic.  The very idea of number is intimately  
associated with inductive concepts as you will see below when I take you through a high level understanding of Godel�’s 
famous undecidability theorem.  Along the way you will need to learn some important number theory (eg the Fundamental 
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Theorem of Arithmetic) which also involves inductive proof.

Godel�’s Theorem is undoubtedly one of the most astonishing results of human ingenuity. Mathematical systems  are ulti-
mately  about deductive logic and as thinkers sought to abstract the basic structure of deductive systems  they  wondered 
whether one could devise a system  of logic that, crudely speaking, could crank out all truths. Godel showed that for the most 
basic system  of arithmetic with multiplication there were propositions  that could not be proved nor could their negations be 
proved.  In short he proved that the most basic but realistic system  of arithmetic was undecidable ! The �“pop�”  version of 
Godel�’s Theorem is that there are �“unknowable�” truths.   At one very general level this is sort of true - you certainly can�’t 
build a machine that can mechanically churn out all the truths of number theory  but Godel�’s Theorem does not establish that 
there is some proposition  of number theory  that is beyond human understanding - it is just that there is no mechanical way 
of finding every theorem.  After all, Godel�’s Theorem itself is living proof of that very human ingenuity.  Maths if full of 
surprises as the story about Ramanujan below demonstrates.

Induction figures in quite fundamental ways in logic systems in general and in Godel�’s Theorem in particular.  It underpins 
many of the definitions and results he uses to build his argument and in one respect inductive reasoning is absolutely  crucial 
to the proof, namely, his use of recursive functions.  Godel also implicitly uses the Fundamental Theorem of Arithmetic in 
the context of his �“Godel�” numbering system which is explained in more detail below.  The Fundamental Theorem of 
Arithmetic is such an important piece of number theory that it is worth spending some time on.  It too is proved by induction. 
It then becomes part of your intellectual kit bag and you  can apply it in other contexts.

What is mathematical induction?

Mathematical induction is a form of logical proof of mathematical statements that is widely used in mathematics.  Mathemat-
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ics is ultimately  about structure and one might make an inspired guess or otherwise establish that a particular problem will 
have a certain structure that it is claimed will hold for an arbitrary integer.  How do you  prove that the structure actually 
holds in that arbitrary sense?  This is where mathematical induction comes in.  Some formulas may be quite complex and an 
inductive proof usually provides the confidence that the formula holds generally. Inductive proofs are often bylines in wider 
proofs and experienced mathematicians usually  don�’t even bother spelling out the details since they are usually  (but 
definitely not always) fairly  mechanical.  Inductive definitions are also commonplace.  Generally speaking if you see some 
dots in an argument there is an implicit appeal to inductive concepts.

Inductive proofs range across all of mathematics. However, first of all you have to develop something (a statement about 
integers) that you want to prove and that is where most of the inspiration  is involved. The context of the problem will 
determine how the induction proceeds and you will see a range of different contexts.  Be warned - you can�’t use induction to 
prove everything.    If you think you have proved some gob smacking result simply by a mechanical inductive argument the 
likelihood is that you are mistaken.  Australian mathematician Alf van der Poorten explains this concept in this way:

"It helps to be aware of the principle, once nicely out to me by Kurt Mahler, according to which one cannot expect to get 
gehaktes Rindfleisch from a meat grinder  unless one has put meat into that grinder.  In other words if I prove some surpris-
ing fact, I had better have had some pretty clever idea, or have used some wondrous secret.  On occasions that I have looked 
at questions the great ones couldn't handle I have always asked myself what new knowledge, or new combination of old 
knowledge, I had available; in other words, what meat did I have?" (Alf van der Poorten, "Notes on Fermat's Last Theo-
rem",  Wiley & Sons, 1996, page 41)

Induction  arises in all sorts of situations that go beyond the largely boring applications encountered in high school.  For 
instance, in the classical problem of  the harmonic stack of size n induction rears its head.  If you imagine a stack of size n 

composed of n blocks stacked one on top of the other, with the ith block from the top extending by 1
2 i

beyond the block below 

it (each block is assumed to have length 1) you will have the classical harmonic stack. The harmonic stack of size n is 
balanced since for every i < n, the centre of mass of the topmost i blocks lies exactly above the right-hand edge of the i + 1st  
block.  This can be verified by induction easily according to Mike Paterson and Uri Zwick, "Overhang", The American 
Mathematical Monthly, Volume 116, Number 1, January 2009, page 19

A far more heavy duty application of induction can be found in analytic number theory, as practised by one of its founders, I 
M Vinogradov.  In his book "The Method of Trigonometrical Sums in the Theory of Numbers", Dover Books, 2004,  
Vinogradov investigates the distribution of the values of the function f(x1,x2,..., xr) = x1n + x2n + ... + xrn  where the xr are 
integral and non-negative.  It can be shown, for instance, by an essentially combinatorial argument that if r § n there is an 
infinite sequences of positive integers N for which the equation f(x1,x2,..., xr) = N ie  x1n + x2n + ... + xrn  = N is insoluble 
(see pages 12-13).  However, Vinogradov uses induction in the following lemma on the way to more significant results:

Let r be a positive integer and suppose that N > 0. Let Kr HNL denote the number of solutions of the inequality  x1n + x2n + ... 
+ xrn  § N  where the xi are positive integers.

Then Kr HNL = TrNrn - q r Nrn - n  where  0 § q  § 1  and Tr = HG H1+ nLLr

G H1+ rnL
   and  n = 1

n
.

Part of his proof is as follows:
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"Obviously K1 HNL= Nn - q'   where q'¥ 0 and the lemma is therefore true for r =1.  We now apply the method of induction.  
Let us assume that for some r ¥ 1 the lemma is true for Kr HN.  e have:

Kr+1 HN)  = 0< x§Nn Kr HN - xn) = Tr 
0< x§Nn

 HN - xnL rn - q''r Nrn  where q'' ¥  0

After two  more lines he finds that "Kr+1HN) =  Tr �Ÿ0
Nn

HN - xnL rn �„x  - q (r + 1) Nrn

= T'NHr+ 1L n - q (r + 1) Nrn

where T'= n Tr�Ÿ0
1
H1 - zL rn zn-1 �„z = Tr

nG H1+ rnL G HnL

G H1+ rn + nL
 = Tr+1 where q ¥ 0.  Thus the lemma is proved for true for Kr+1 HN)."

The purpose of this was not to scare you out of your wits with some hard core analytic number theory from a Soviet mathe-
matician who was also politically hard core (he was a member of the Communist Party under Stalin and it has to be remem-
bered that Stalin and his cronies executed many opponents. Nikolai Kondratiev of "Kondratiev Wave" fame in economic 
theory was executed by firing squad in 1938. A depressing account of this part of history in contained in Orlando Figes, 
"The Whisperers - Private Lives in Stalin's Russia", Metropolitan Books, 2007 ), but just to show how induction figures 
in some significant results.  This example also confirms Alf  van der Poorten's observation about the quality of the meat that 
is put through the grinder -a simple induction is used but the subject matter it works on is not so simple. 

A basic application of induction which is the sort of thing that can be slipped into an exam is a problem such as this:

Guess a formula for  I1 - 1
4
M J1 - 1

9
N H1 - 1

16
N ... ... J1 - 1

n2
N for n ¥ 2.

This type of problem simply invites you to play with a few low order terms and get the pattern and then perform the standard 
inductive argument.  Incidentally, your guess for the formula should be n+ 1

2 n
.  The way to guess that result is to notice, for 

instance, that ( 1 - 1
4
M J1 - 1

9
N = 3

4
8
9
= 2

3
 =  4

6
and then ( 1 - 1

4
M J1 - 1

9
N J1 - 1

16
N = 2

3
15
16

 = 5
8

  etc.  Indeed, this gives the hint 

as to how the inductive proof would proceed. Thus I1 - 1
4
M J1 - 1

9
N H1- 1

16
N ... ... J1 - 1

n2
N (1 - 1

Hn+ 1L2
) = n+ 1

2 n
 

(1 - 1
Hn+ 1L2

)  = n+ 1
2 n

 ( n
2 + 2 n
Hn+ 1L2

) = n+2
2 Hn+ 1L

 using the induction hypothesis.  Thus the assertion is true for n +1.

Having established by induction that 
n+ 1
2 n

is indeed the correct formula you could then confidently claim that limnØ¶ J
n+ 1
2 n

N = 1
2

.

An example of one style  of a fairly mechanical type  (although this is a highly relative concept)  of inductive proof comes 
from a fundamental result in elementary probability  theory as already noted above. The probability  of a union of n events 
(sets) is:
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P ( �‹k = 1
n+ 1 Ak) = P ( �‹k = 1

n  Ak)  + P (An+ 1L - P ( �‹k = 1
n  (Ak �› An+ 1L )

This result is proved in a well-known advanced probability textbook in two lines essentially like this  ( see Patrick Billings-
ley,  Probability and Measure, Wiley, 3rd Edition, 1995 page 24):

"To deduce this inductively  from P (A �‹ B) = P (A) + P ( B) - P (A �› B) note that this latter result gives:

P ( �‹k = 1
n+ 1 Ak) = P ( �‹k = 1

n  Ak)  + P (An+ 1L - P ( �‹k = 1
n  (Ak �› An+ 1L )

The inductive hypothesis  for n is then applied to the first and third terms of the last equation which gives the result 
with n + 1 instead of n."  

I give a much more laborious proof (and you would only do such a proof once in your life) simply because I believe that 
even students who say they  can see at a high level how such a proof makes sense would, if pushed on the detail, make 
mistakes of execution which would suggest that they don�’t really understand what is going on.  The other point to note is that 
the "proof" given by Billingsley is really a proof by concept, not by execution, because he doesn't show precisely how all the 
bits fit together with the right signs.  For experienced people such a proof by concept is enough because they can fill in the 
details.  I also give an alternative proof which emphasises a different way of looking at the problem.

An important example of a non-mechanical inductive proof relates to the important arithmetic-geometric mean theorem 
which I will deal with (and you will then appreciate why you just can't �“crank the handle�” to get the proof).  Another 
example is the Campbell-Baker-Hausdorff Theorem from Lie Theory (this is pronounced "lee" theory after the rather 
remarkable Norwegian mathematician Sophus Lie). The CBH Theorem is a creature of group theory and says something like 
�‰X�‰Y= the sum of a series X + Y + something called the Lie bracket of terms composed from X and Y.  The original proofs 
of the theorem were incredibly intricate but someone came up with a short inductive proof (only 2 pages) which, according 
to John Stillwell, an Australian mathematician working in the US, is not only ingenious but insightful: see John Stillwell, 
"Naive Lie Theory", Springer, 2008, page 153.

Most students probably regard inductive proofs as a tad mysterious  since you start out at the bottom and sort of work your 
way up to the top  and, when you get there, you say �“See I did it -  it works for everything�”.  Various analogies are used to 
explain the concepts, one popular one being that of knocking over one domino which then sets off a chain reaction or 
climbing a ladder.  My guess is that most students see induction as a mechanical technique (and in many cases it is fairly 
mechanical) but they have no idea what is really going on inside the "engine".

Would you try to use induction to prove this proposition:  j=1
n Ix j - mM = 0  where m = j=1

n x j
n

  ?  In other words the sum 

of the deviations around the mean is zero.  Note that m is not actually a constant - it is a function of n.  A one line proof that 
does not appeal to induction goes like this: 

 j=1n Ixj - m M = j=1n :n J xj
n
N - m> = nm - nm  = 0  In essence all you are doing is restating the definition of the mean and this 

does not involve any appeal to induction.

A word on proofs and the use of computers
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What constitutes a convincing proof has changed over time and there are elements of taste and "art"  that can make one proof 
more compelling than another even though both are logically sound in their construction. Modern mathematics is seen by 
outsiders as a blizzard of symbols rather than a development of an argument and the bad research papers do seem little more 
than a tsunami of symbols.  Unfortunately this is a consequence of specialisation, although it is a pleasure to read some 
papers which do establish a context for what follows. Thinking about the interconnections between one area and others can 
be very fruitful.

It may come as a shock to you but there are now highly sophisticated computerized proofs of things which have traditionally 
been done laboriously by hand or have involved some astonishing inspiration. To understand just how sophisticated the 
world of algorithmic computing has become it is possible to take outrageously complicated hypergeomtric series and apply 
an algorithm to them which tells you the answer or tells you that you can't get a closed form answer.  A typical example is 

f(n) =  k
n
k

2 k
k

-2n- k which can be shown by a Sister Celine Fasenmyer's algorithm to be f(n) = 

0 if n is odd
n
n 2 if n is even

. The full story of this remarkable approach is told in  "A=B" by Marko Petkovsek, Herbert S Wilf 

and Doron Zeilberger, A K Peter, 1996 (see page 63 for this example).

Now for some abstract theory

Induction is actually pure logic in action and essentially reflects the structure of the natural numbers 0,1,2,3,......  However 
induction can be extended to the negative integers so that it is in principle possible to prove statements inductively  for all 
integers.  Note that some people do not treat 0 as a natural number - they  prefer to start at 1.  In number theory  0 is usually 
included in the set of natural numbers.

There is an abstract theory of the foundation of number theory which is studied in formal logic courses and the gist of it turns 
upon the concept  of ancestor or predecessor.  An ancestor of y is y�’s parents, grandparents and so on.  However, in the 
context of number theory �“ancestor�”  is also extended to  the person him/herself  (this is �”0�” ). Thus �“ancestor of y�” means 
�“y or parent of y or parent of parent of y  or...."  The concept of number is also analogous to that  of ancestor. �“Number�” 
means �“0 or 1+0 or 1 + (1+0) or...."  Thus the number 3 is associated with the set {0,1,2} which is  the set of all of its 
predecessors or ancestors.

In fact we can associate the natural numbers with sets this way (where '«' is the symbol for the empty set):
0 Ø «
1 Ø {«}
2 Ø {«, {«}}
3 Ø {«, {«}, {«, {«}}}
.....  (those dots indicate an inductive argument)

One could also represent the set for 3 as {0, 1, 2} for instance.
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Thus one starts with the empty set (which has no predecessor) and then you form the set {«} which contains the empty set 
as its only member. You then form the set which comprises « and {«} ie the empty set and its successor.  You  keep on 
doing this and you can associate the natural numbers with the sets so constructed.  You could even write a little program to 
print out the nth set with the commas and brackets  in the right place. How would you be sure that you had the right number 
of commas and brackets?  You could prove inductively that the number of commas in the above primitive representation of  
n is 2n-1 while the number of brackets is 2n(or that there are 2n- 1 pairs).  How do you prove these two propositions induc-
tively?

Let's take the number of commas first.  Our base case is n = 0 and the purported formula is 20 - 1 = 1 - 1 = 0. So the 
formula is true for n = 0.  Now suppose it is true for any n.  The representation of n + 1 takes the list of all the predecessors 
(which are included in the representation of n) and put commas between each one and then put a final pair of brackets 
around the new list : {«, {«}, {«, {«}}, ..., {representation of n which contains 2n - 1 commas} }. Note that the number 
of commas in the new list up to the bolded part is the same as the number of commas inside the bolded part but there is a 
further comma between the final two sets. So the number of commas in the new list is 2 (2n -1) + 1 = 2n+ 1- 1 and hence  the 
formula is true for n +1 and hence true by induction for all n.  The proof for brackets follows similar lines.

The logicians define number the following way. The statement �“k is a number�” or �“Nk�” in symbols is "("F)[ 0 e F . ("l)(l e 
F  1 +l e F )  k e F]"

Note that the operator " " " means �“for all�” and  "�” means �“if...then...",  while "." is used for �“and�” ie conjunction. In words 
this definition means that to be a number is to belong to every class to which 0 belongs and 1 + each member belongs.  In 
detail the definition reads as follows:

For every F (a class), IF ( 0 is a member of F AND  IF( for every  l in F, 1+l is also in F) THEN k is in F. This definition 
supports  the concept of mathematical induction since to prove some statement �“Sk�” where �“Sk�” stands for some condition 
on the number k, you prove S0 (the �“base case�” ie starting at the bottom) and H" lL HSl  SH1 + lL (ie If S  holds for any l 
then it holds for 1 +l). In essence you pull yourself up by your bootstraps.

A bit of history concerning the concept of number and its relationship to logic

Bertrand Russell and Alfred North Whitehead were responsible in the early part of the 20thcentury for a notoriously obscure 
book called Principia Mathematica (Cambridge University Press, first  published  in 1910).  In this book they  proved, 
over the course of over three hundred closely  typed  pages (!), that 1 + 1= 2  by  developing the whole logical framework 
for number theory.  Russell nearly had a nervous breakdown during the process and when you look at the following extract 
you can appreciate why.  Frank Ramsey, a brilliant Cambridge logician and economist in the circle of Maynard  Keynes 
(pronounced �“Kanes")  (proving that being logical and an economist are not mutually  exclusive) read the whole manuscript 
and , as far as we know, retained his sanity.  Ramsey was also an atheist but his brother became Archbishop  of Canterbury. 
Ramsey died prematurely  at age 29. Ramsey is  famous for his theory of Ramsey Numbers which show that  even infinite 
sets have a certain basic structure - certain subsets are homogeneous.  Crudely this is like saying that complete disorder (in 
certain situations) is impossible. No matter how jumbled and chaotic you try to arrange certain objects, you will find yourself 
creating a very highly organized and structured object within it. This is pretty  significant in that it means that you can have 
an incredibly  large set (indeed infinite)  with lots of �“space�”,  yet it has a level of structure that seems remarkable. Ramsey's 
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Theorem involves a systematic application of the "Pigeonhole Principle" which says essentially that if you put  n + 1 letters 
into n pigeonholes, some pigeonhole must contain more than one letter.

Ramsey theory actually intersected with sociology at one point. In the 1950s the Hungarian sociologist Sandor Szalai 
examined friendship between children and he observed that among any group of about 20 children he had observed he could 
always find 4 children any two of whom were friends, or else 4 children no two of whom were friends. Being a product of 
the Hungarian education system Szalai resisted the temptation to draw some "profound" sociological conclusion from these 
observations.  Instead he suspected there might be a mathematical reason behind the result and he spoke to the Hungarian 
mathematicians Erd s, Turán and Sós who convinced him he was a victim of Ramsey theory.  If X is any set of size 18 or 
more  and R is some symmetric relation on X, then there is always a subset X of size 4 with the following property: either 
xRy for any two distinct elements x, y of S  or xRy for no two distinct elements of S.  In Szalai's case R is the relation "is 
friends with" a symmetric relation.  See Timothy Gowers, Editor, "The Princeton Companion to Mathematics", 
Princeton University Press, 2008, Chapter IV.19 for more information.

The Pigeonhole Principle is worth spending some time on because it has many miraculous applications.  Let j: SØT  be a 
map between finite sets. j is called "injective" or " 1 to 1" if different elements of S map to different elements of T.  Alterna-
tively this can be expressed as saying that the cardinality (size) of S (written �†S�† ) is not greater than the cardinality of T ie �†S�† 
§ �†T§. The contrapositive of this statement is the Pigeonhole Principle.  The contrapositive of "if p then q" is "if not q then 
not p".  So the Pigeonhole Principle says that if �†S§ > �†T§ then j is not injective.  In other words,  if there are 110 socks in 93 
drawers, then at least one drawer must contain at least two socks.  To round off the concept of functions between finite sets,  
j is called "surjective" (or onto) if everything in T gets "hit" or , expressed alternatively, �†S§ > �†T§.  A "bijective" function is 
injective and surjective and if two sets have the same cardinality there is a bijection between them. 

There are many important applications of the pigeonhole principle.  Here is a simple but instructive example. Suppose that 
one million pine trees grow in a Swedish forest (Sweden's wealth in the 19th and early 20th centuries was based largely on 
exportation of matches and wood in general).  Further suppose that no pine tree has more than 600,000 pine needles on it. 
Show that two pine trees in the forest must have the same number of needles.

If this problem were posed to the public at large the usual response would be view it in probabilistic terms and the conclu-
sion would be reached that it would be nearly "impossible" that two pine trees would have the same number of needles.  In 
fact probability has nothing to do with it.  We can think of the pine trees as pigeons and the pigeonholes being associated 
with the numbers from  0 to 600,000 (there being 600,001 such numbers).  For instance the pigeonhole marked "0" has no 
pigeons in it.  Now there are many more "pigeons" (ie pine tress) than holes and so there must be at least two pigeons (ie 
pine trees) in one pigeonhole.  If there were no more than 1 pigeon in a pigeonhole there could be no more than 600,001 
pigeons.  The existence of two pigeons in the hole numbered "k" shows that two pine trees have the same number of needles.

Dirichlet (I  asked a non-mathematical native German speaker  how to pronounce this name and he was unsure - "Deer-rick-let" was his guess) used 

the pigeonhole principle in his proof that if x is irrational then there is an infinity  of fractions 
p

q
which satisfy �† 

p

q
- x ¶ <

1
q2

.  What he did was to 

take N+1 numbers 0, (x), (2x),..., (Nx)  where (x) = x - [x]  and the symbol  '[x]' means  'the greatest integer in x'.  Those N+1 numbers can be viewed 

as being distributed among N intervals or "boxes" : k
N
§ x < k+ 1

N
 where k = 0,1,2,...,N-1.  There must be one box which contains at least two points 

and these will two numbers q1and q2 will have the property that (q1x) and Hq2 xL differ by less than  1
N

.   The detailed development of the proof can be 

found as a series of exercises in Chapter 11 of R P Burn, "A pathway into number theory",  second edition, Cambridge University Press, 1997.   
A rigorous proof with some preliminary building blocks can be found at pages 156-7 of  G H Hardy & E M Wright, "An Introduction to the 
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Theory of Numbers", Fifth Edition, Oxford University Press, 2006.  The pigeonhole principle can be generalised to multidimensional problems.

Ramsey  used induction in his proof of the properties of Ramsey Numbers. His theorem was actually published  in a logic 
journal (F. P. Ramsey. On a problem of formal logic. "Proceedings of the London Mathematical  Society.", 1930, 
vol.30, pp.264-285) .  In fact his theorem was really a minor step in a bigger proof and the "proper" proof was later given by 
Erd s (pronounced "air-dish") and Szekeres.

Ramsey�’s Theorem:  Let r, k, l   be given positive integers.  Then there is a positive integer n with the following  
property: if the k-subsets of an n-set are coloured with r colours, then there is a monochromatic l-set   ie one all  of 
whose k-sets have the same colour.

Thus if we have a large enough population  we can  get homogeneous subsets of a certain size.  In human populations this 
might involve a group of 5 people, say, who either  get on well together or don't.   Alternatively, suppose that you invite 6 
random friends to a party. Although you know all of your friends, if you pick out two of the invited friends, they may or may 
not have been introduced. An application of Ramsey's Theory is that no matter which 6 friends you invite, you will always 
be able to find  friends such that among these 3, either: 

(1)  All have been introduced to each other; or
(2)  None have been introduced to each other

Note that Ramsey's Theory makes no appeal to  probabilistic concepts, just as the Pigeonhole Principle is indepen-
dent of probabilistic concepts.

One version of Ramsey's Theorem states that no matter which number k you choose, you can find a number n such that 
given any arrangement of n pegs (joined by coloured strings) , there must exist a monochromatic collection of k pegs (ie they 
are joined by the same colour string).  Let the smallest such n that works for a given k be called  R(k).   Then it is known that:

R(1) = 1 (if there is only 1 peg then there is no string to join anything and it is vacuously true that there is 1 monochromatic 
set)

R(2) = 2 (there are 2 pegs which can be joined with one piece of string so the 2 pegs form a monochromatic set)

R(3) = 6

R(4) = 18

But 43 § R(5) § 49  and R(6) is somewhere between 102 and 165.  Don't be fooled by the apparent simplicity of these 
assertions. If you have 43 pegs and red and green string there are 2903 ways of arranging the red and green string among the 
43 pegs.  This is a huge number and gives the hint as to why Ramsey Numbers are hard to determine. Courses on computa-
tional complexity put bounds on the time to perform such calculations (usually involving the scale of life-death cycles of 

stars!) Can you see how to derive that number?   If it is written as 2
43 x 42

2  does that help? There are nHn-1L
2

distinct pairs you 

can obtain from n objects.  If you have 2 colours there are then 2
nHn-1L

2  distinct colouring arrangements.  Try a low order case 
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of 3 pegs in a triangle and you will find that there are 8 distinct colouring arrangements using 2 colours.  There are 
3
2  = 3 

pairs of pegs eg AB, AC and BC.  There are 3 "boxes" being the pairs  (note that the peg arrangement AB is the same as BA 
- that's why we divide n(n -1) by 2) and we can put 2 colours into each box - hence the total number is 23= 8.  The applica-
tion of the Pigeonhole Principle and much more can be found in the following book: Dmitri Fomin, Sergey Genkin & Ilia 
Itenberg, Mathematical Circles (Russian Experience), Amercian Mathematical Society, 1996.

Paul Erd s, an incredibly prolific and innovative but rather idiosyncratic Hungarian mathematician, once quipped that if an 
alien being demanded that we tell it the value of R(5) or suffer the destruction of the Earth, then we should immediately set 
all mathematicians and computers to the task of calculating the value. However, if it demanded the value of R(6), then we 
should try to destroy it before it destroyed us!

The infinite version of Ramsey�’s Theorem reads as follows:

Let X be an infinite  set and k, r  positive integers.  Suppose that the k-subsets of X are coloured with r colours.  Then 
there is an infinite  subset Y of X all  of whose k-subsets have the same colour.

Why  did Russell and Whitehead spend their time on their formal logical systems? They  believed that it might be possible to 
generate all the truths of mathematics via a fixed system of logic.  They were not alone in this belief. This was the Holy 
Grail of  mathematical logic. Of course they never contemplated at that time that computers might be invented , but work on 
computational  issues at the theoretical level got going in the 1920s and 1930s.  Indeed,  Alan Turing applied his incredible 
insights (derived from studying the structure of systems  of logic and computability  issues - hence the name �“Turing 
machine") to the breaking of the German Enigma codes during World War 2.  If you have had doubts about the application  
of pure theory, an understanding of what Turing did at Bletchley Park in the UK during the war might just convince you  
otherwise (especially if you were in a ship that could be torpedoed by a German submarine). By  any  test Turing was a great 
man who, along with many others, worked under immense pressure to crack the German codes which enabled the British to 
reduce casualties.  The scale of what Turing and his team did is truly  phenomenal when one considers the context.  To read 
more about Turing,  the best biography is by Andrew Hodges (himself a Cambridge mathematician like Turing), �“Alan 
Turing - The Enigma of Intelligence" , Unwin , 1985.  Tragically, Turing committed suicide on 7 June 1954. He was 
homosexual at a time when society was generally much less sympathetic  than today. Hodges�’ book explains the whole 
personal and social context of the suicide.

Gödel  (pronounced as in �“girdle") came along in 1930 and proved that,  in systems  equivalent to the one Russell and 
Whitehead had developed, there were statements in number theory that were unprovable in the system.  In short he reduced 
their collective work to dust. Gödel rightly established himself forever with this insight. He went off to Princeton�’s Institute 
of Advanced Studies where Einstein also worked. He had paranoid ideas that people were trying to poison him and was quite 
odd towards the end of his life.

Below is the extract from Principia Mathematica which proves that 1 + 1 = 2 from a veritable mountain of logical  building 
blocks. A monumental triviality  if there ever was one. This was the ultimate attempt at proof of concept in the sense that it 
you could establish (albeit very laboriously) that 1 + 1 = 2 via a mechanical procedure you might be able to prove more 
"meaty" things mechanically. Now you know why Russell nearly went bananas. What is worse is that Gödel showed that it 
was all a waste of time.  This does not mean that workers in this field were silly.  Far from it.  Presburger proved in 1930 that 
in an �“emaciated�” system  of number theory  that only has addition (and not multiplication as well as was the case with the 
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system  Gödel�’s theorem covered) you could prove or disprove every proposition  in the system.  On that basis Gödel�’s 
result is quite shocking.  Someone of the intellectual stature of John von Neumann believed that it was possible to devise a 
mechanical decision procedure for number theory (see Gregory J Chaitin, �“The Limits of Mathematics�”, Springer, 1998, 
page 6)
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(Above extract reproduced with permission from Cambridge University Press: Alfred North Whitehead, Bertrand 
Russell, Principia Mathematica to *56 2nd Edition, Cambridge University Press, 1997  p 360. )
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Weak and  strong induction

Mathematical induction  consists of 2 steps:

1. The basis step, where you prove the base case - which can be 0, 1,  or some other lowest starting point.
2. The induction step, where you prove that IF the formula holds for k, THEN it holds for  k+1.

Since the formula holds for k=1, say, the induction step ensures that because it holds for 1 it holds for 2, and since it holds 
for 2 it holds for 3.  And so it goes on for all k.  The dominoes fall.

Here is another way of looking at induction.  Suppose someone asserts a statement S(n) about the natural numbers.  Such a 
statement might  be  "2n + 1 is odd for all n ¥ 1 ".  Suppose we know that S(5) is true and that if S(n) is true, then so is 
S(n+1).  We can then conclude that S(n) is true for all n ¥ 5. Why?  Let T(n)  be the assertion that S(n+5) is true.  For n= 0 
we know that S(5) is true, hence T(0) is true.  We also know that if S(n+5) is true,  then so is S(n+6). In other words if T(n) 
is true then so is T(n+1).  Thus T(n) must be true for all n.  In effect the principle of induction is applied to T(n).

It is absolutely essential that you establish the base case otherwise you can end up proving nothing!  Indeed, you can gener-
ate some quite preposterous falsehoods.

One can distinguish between three forms of induction: weak, strong and backward induction.

Weak (ordinary)  induction involves proving the minimal case and then showing that IF the proposition  holds for ANY 
number, THEN it holds for the next number.  In effect, if you use a ladder analogy you simply  go from the rung you are on 
up to the next one.  Compare this with strong induction described below.

Strong  induction involves the following concepts.  Suppose S(n) is some statement about natural numbers such that for 
every natural number n,  IF S(m) holds for all natural numbers m < n, THEN S(n) holds.  Can we then conclude that S(n) 
holds for all n?

Let T(n) be the statement �“S(m) holds for all m < n�”.  Note that T(n+1) implies S(n) because S(m) will be true for all m § n.  
We need to show that T(n) holds for all n.

T(1) is true since S(0) is true.

Suppose T(n) holds  which is to say that S(m) holds for all m < n.  By  assumption, if  S(m) holds for all natural numbers m 
< n, then  S(n) holds.  This means that S(m) holds for all m < n+1. In other words, T(n+1) holds.  Thus T(n) must be true for 
all n.  The principle of induction is effectively  applied to T(n) and shows that S(n) holds for all n.

If you find this hard to follow consider the following. The approach with weak induction is to derive the truth of proposition 
Pn+1 from Pn, however, sometimes in order to derive the truth of Pn+1  you may need to use one or even all of the proposi-
tions P1 through to Pn. By the time you get to Pnyou will have already proved all the preceding links in the chain.  The 
induction step is: For any natural number n, the truth of ALL of  P1 , P2, , , , , , Pnimplies the truth of Pn+ 1.  More gener-
ally one could describe it this way:
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Suppose P(k ) is true for some natural number (the base case) .  Also suppose that whenever P(k), P(k +1),....., P(n) are all 
true, P(n + 1) is true (the induction step).  Then P(n) is true for all n ¥ k.

Using the ladder analogy again, for strong induction, you need to know that all the rungs below the rung you are on are solid 
in order to step up. Both approaches have  the same logical strength when you apply  them, since as you climb up the ladder 
from the bottom rung, you  must traverse all the intermediate rungs anyway. However, sometimes strong induction makes 
the proof of the induction step easier. 

Proving that weak (ordinary) induction implies strong induction

The ordinary principle of induction  (OPI) can be characterised follows:

Let S �Œ + and suppose that:
(1) 1 �œ S and
(2) n �œ S implies  n+ 1 �œ S

Then S = +

The principle of strong induction (SPI) can be characterised as follows:

Let S �Œ + and suppose that:
(3) 1 �œ S and
(4) 1,2,..., n �œ S implies  n+ 1 �œ S

Then S = +

Now the following implication holds:  OPI SPI.  There is another important principle called the Well Ordering Principle 
(WOP) which will be explained in more detail below, and when it is added to the mix you can demonstrate that the follow-
ing train of implications holds:

OPI  SPI  WOP  OPI

What this means that the principles of induction are logically equivalent ie of you can prove something with the OPI and SPI 
you can also prove it with the WOP.

Proving that OPI  SPI

Let S be any set of positive integers satisfying (3) and (4).  The end game is to show that S = +.   Construct a set T as  
follows: T = { n �œ +: P(n) is true}  where P(n) is the statement  that the integers 1 through n are in S.  Thus if 1 is in S but 
no others are then T = {1}.  Now we know that P(1) is true since 1 �œ S from (3). Hence 1 �œ T.  Now assume using (2) of the 
OPI that P(k) is true for some fixed but arbitrary positive integer ie this is equivalent to assuming that k �œ T ie 1 to k 
inclusive are in S (this is simply because of how P(k) is defined).  Hence by (4),  k+1 �œ S  which means that 1 to k + 1inclu-
sive are in S.  Hence P(k +1) is true which means that k +1 �œ T. Bringing all this together we have as our basis step 1 �œ T 
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and  k + 1 �œ T whenever k �œ T  which is what the OPI says with S replaced by T. But the OPI tells us that S = + so T must 
equal +.

In essence these inductive equivalence proofs are all logic games but the techniques have widespread applications so they 
are worth learning.

Example

Suppose it is known that  x + 1
x

is an integer. Prove that xn + 1
xn

is also an integer for any  n ¥ 1

Let Pn HxL = xn + 1
xn

.  P1 H1L is an obvious case of an integer and we can choose other values for x so that x + 1
x
is an integer. 

For instance, x =  3+ 5
2

 will give an integral value for x + 1
x
. Can you see why?  If not consider x + 1

x
 = 3 and solve for x.

Now ( xn + 1
xn

) (  x + 1
x
) = xn+1  + 1

xn+ 1
 + xn- 1 + 1

xn-1
 

ie Pn+ 1 HxL = Pn(x) P1HxL - Pn- 1HxL

Thus Pn+ 1 HxL  will be an integer if the difference Pn(x) P1HxL - Pn- 1HxL is an integer.  But by  assumption  P1HxL is an 
integer and hence if  PnHxL and Pn- 1HxL are both integers we can apply  the principle  of strong induction to prove our result.  
In essence we have to establish two base cases - namely P1HxL and P2HxL in order to start the induction going properly.  The 
induction step involves assuming that the truth of  P1HxL , P2HxL , ...., PnHxL implies the truth of Pn+ 1HxL.

As already noted P1HxL is assumed to be an integer and P2HxL = x2 + 1
x2

= J x + 1
x
N
2
- 2 which is surely integral.

Thus the truth of our two  base cases is  established.  Because we have established the truth of the formula for n = 1  and n=2 
the above working shows that it is true for n =3 and generally so by  the application of the strong principle of induction.

Now consider how a fallacious inductive argument can produce nonsense. Let's start with the assertion that  n(n+1) is odd 
for all n. The "proof" is as follows.  Suppose the assertion is true for n-1.  We now show that it is true for n by employing the 
induction hypothesis: 
n(n+1) = n(n-1) + 2n 

But n(n-1) is odd using the induction hypothesis and 2n is even.  The sum of an odd number and an even number is odd so 
the assertion is true for n and hence true by induction for all n. Now the assertion is obviously preposterous, but why?  There 
is nothing wrong with the statement n(n+1) = n(n-1) + 2n - it is certainly true for all n.  The problem is the base case - when 
n=1 you get an even number so the whole argument was built on a house of cards!

Backward induction

There is further form of induction which works as follows. The truth of a proposition P(n) for all n  is established from the 
following two propositions:
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(a) P(n) implies  P(n-1); and
(b) P(n) is true for an infinity of n

Cauchy�’s original proof of the Arithmetic-Geometric Mean inequality  was based on backwards induction (see page 20 of 
the book on inequalities titled  G H Hardy, J E Littlewood and G Polya, �“Inequalities�” , 2nd edition, Cambridge 
Mathematical Library.)  The �“Inequalities�” book is something well worth reading as it has an enormous amount of useful 
material in it.  But be warned - the authors don�’t hold your hand.

Normal induction involves a "bottom-up"" approach while backward induction involves a "top down" approach.  However, 
backward induction is a bit trickier because the infinite set of value for which the proposition is true could in principle 
contain gaps in it and still be an infinite set.  To show why backward induction works more formally, it is characterised as 
follows:

With every positive integer n there is associated some proposition or theorem Tn such that:

(1) for n > 1, the truth of Tn implies the truth of Tn - 1; and

(2) Tn  is true for an infinity of values of n.

Then Tn is true for every n.

To prove this let S = {n �œ  : Tn is true }.  This is an infinite set.  Suppose that S   , ie there is at least one l �œ  such that 
l �– S.  Let S be the set of all these l.

Now S is either finite or infinite.

Case (i):   S is finite.  In this case S has a maximum element, M, say. But TM+1  is true  since M +1 �œ S.  But (1) implies 
that   TM is true - a contradiction.

Case (ii) : S is infinite.  In this case S has a least element L (note that S is non-empty).  If L =1 then T1 is false, but  the 
falsity of T1 implies the falsity of T2 ( this is the contrapositive of condition (1) ) .  Since T2is false so is T3 and so on for all 
n.  Thus Tn is false for all n, another contradiction.  On the other hand if L > 1, there is some k �œ S such that k > L and Tk  is 
true (this works because both S and  S  are assumed infinite sets).  But the truth of  Tk implies the truth of Tk-1 and once 
can iterate this chain of reasoning k - L times to show that TLis true - a contradiction.

Hence S =  ie Tn is true for all n �œ 

Why does backward induction work? You are still proving the truth for an infinite set of numbers but you effectively  start at 
the �“top�” and show that the proposition  holds below and since your top  starting point is arbitrary you logically pick up all 
the instances on the basis of the assumption that the original proposition holds for an infinity  of n. The following diagram 
shows what is happening in the context of the proof of the Arithmetic - Geometric Mean which involves proving the inequal-
ity  for cases of the form n = 2k  to 2k + 1  ie proving it for all n of that form. Then you show that if the inequality holds for 
any  n numbers it applies for any  n - 1 numbers and in so doing you  pick up all n.
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Transfinite induction

Finite induction has a somewhat more abstract cousin called "transfinite induction".  Unless you study more abstract  areas 
of mathematics or logic transfinite induction will never hit your radar so I will not spend  much time on it.  Just as finite 
induction deals with integers, transfinite induction generalises the concept to well-ordered sets of "large" size (cardinality).  
You may know that the set of reals is in some sense "bigger" than the set of natural numbers, say, and this size is referred to 
as Aleph zero (¡0).  However, there is a hierarchy of sets with even bigger cardinality and transfinite induction operates with 
such concepts.

If you want to learn more about transfinite numbers a good starting point is: John Stillwell, "Roads to Infinity - The 
Mathematics of Truth and Proof", AK Peters Ltd, 2010.

Proving the Pigeonhole Principle by induction

Recall from the earlier discussion above that Pigeonhole Principle can be framed in terms of the proposition that if the 
function j: S Ø T is injective  then �†S§ § �†T§ (or the logically equivalent contrapositive from).  To prove this we use induction 
on n = �†T§.  he base case is when n = 0 and if T is empty then S must also be empty since only the empty set could map to the 
empty set. Thus the proposition  is true for n = 0.

The next step is to assume the proposition is true for n = k -1 and so we have to confirm that it holds for n = k where k > 0.  
We assume that k = �†T§ and take an arbitrary element t �œ T.  Now because t could either be in the image of j or not  (because 
it might or might not be the image of some s �œ S) there are two sub-cases.

Case 1:   t �œ im j.  Now since j is injective there is exactly one s �œ S such that j(s) = t (this is what it means for j to be 
injective after all).  Now take the reduced sets S' = S - {s} and T ' = T - {t} and consider  j': S'ØT ' which must in turn be 
injective (because different elements of S map to different elements of T).  Now since �† T '§ =  �†T§ -1 = k -1 the induction 
hypothesis implies that �†S'§ §�†T '§.  Hence �†S§ = �†S'§ + 1 § �†T '§ + 1 = �†T�†.

Case 2: t �– im j.  Because t is outside the image of j it must be that  im j is a subset of  T ' = T - {t}.  Again j is an injective 
map because it still sends different elements of S to different elements of T ' ie j: S Ø T ' is injective. The induction  hypothe-
sis implies that �†S§ § �†T '§ = �†T§ -1< �†T§.
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Thus we have established that the proposition is true for n = k = �†T§ and hence that is true for all n by the principle of induc-
tion.

An application of the infinite version of the  Pigeonhole Principle to sequences is that if you have some infinite sequence 
then there must be some constant subsequence.

The Arithmetic - Geometric Mean Theorem: 
For every sequence of non-negative real numbers a1, a2, , , ,an we have :   Ha1 a2 ... ... anL

1
n   § a1 + a2 + ...+ an

n

Believe me - this is worth remembering. There is a vast, sprawling menagerie of inequalities which are very hard to prove 
without the aid of the AM-GM theorem. Later on you will see how the Arithmetic-Geometric Mean inequality  is proved.  It 
is a very important inequality and a proficient understanding of it will take you  a long way.  The tentacles of the Arithmetic-
Geometric Mean inequality stretch throughout the whole of mathematics.  Arithmetic-Geometric mean type approaches are 
used as the foundation for really fast computational modules in some mathematical packages.  For instance here is one 
approach.  First initialise three numbers as follows:

x = 2 ; p = p + 2 ; y = 2
4

then iterate in the following order:

x: = 1
2

( x + 1

x
 )

p: = p *  x+ 1
y+ 1

y: =  
y x +

1

x

y+ 1

When this algorithm is implemented it converges to the correct value of   in just 4 iterations.  Here is the code in Mathemat-
ica:
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The value of   at the fourth iteration is 3.141592653589793238462643383279502884197....Quite amazing convergence - 
note the difference between the true value of  (using Mathematica's built in algorithm) to 200 decimal places is of the order 
of 5 x 10-41 !

Ramanujan crops up here with a fast algorithm for . His formula was:

1


 = 12 n=0
¶ 545 140 134 n + 13 591 409  H-1Ln H6 nL!

640320 3 n+
1

2 H3 nL! Hn!L3

See Richard E Crandall, "Projects in Scientific Computation", Springer-Telos, 1996, pages 11-12  for more informa-
tion.
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The well ordering  principle  ( WOP)

The well ordering principle is as follows: Every non-empty  set of natural numbers has a least  element.

For what follows this is a natural place to explain proof by contradiction since it is an absolutely  essential  mathematical 
proof technique. It is a type  of proof known to the ancient Greeks who used it to prove many  fundamental things.  For 
instance the proof that there is an infinity  of prime numbers was proved by Euclid using proof  by  contradiction (also 
known in the trade as �“reductio ad absurdum").  See Appendix  1 for some background on why  proof  by  contradiction 
works.  If you don�’t fully understand the concepts I suggest you read that appendix now because you will need to understand 
the principles for what follows immediately  below. Appendix 1 contains an example of how proof  by contradiction works 
and shows the logical manipulations you need to perform.

Earlier we showed that the OPI implied the SPI.  Now we show that the SPI implies that WOP and secondly that the WOP 
implies the OPI.  We will thus have  established the chain of implications:  OPI  SPI  WOP  OPI

Recall that the ordinary principle of induction (OPI) is as follows:

Let S  + and suppose that:
(1) 1  S and
(2) n  S implies  n+ 1  S

Then S = +

SPI  WOP

Let S be a non-empty subset of +. The aim is to show hat S has a smallest element.  Assume for the purposes of deriving a 
contradiction that S has no smallest elements and consider the statement P(n): n is not an element of S.  Clearly P(1) is true 
because 1 is the smallest element of + and if 1 were an element of S, then S would have a smallest elements, contradicting 
our assumption.

Now assume that P(1), P(2),..., P(k) are all true. It follows that P(k+1) is true because were that not the case, k + 1 would be 
smallest element of S which, by hypothesis, has no smallest element. But the SPI tells us that P(n) is true for all n   + and 
this in turn tells us that S is the empty set (just look at how P(n) is defined).  This contradiction allows us to conclude that S 
has a least element.

WOP  OPI

Let S be a set of positive integers satisfying (1) and (2) of the OPI and assume that the WOP applies.  We have to show that 
S =  +.  Again using proof by contradiction, assume that S   +. The complement of S  is S'  and it is non-empty  and the 
WOP applied to it allows us to conclude that  it has a smallest element.  This smallest element cannot be less tan 1 since, by 
(1) of the OPI, 1  S and equally cannot be 1 itself.  Thus the smallest element of S'  must have the form k +1 where k is a 
positive integer. This then means that k  S but k + 1  S in contradiction  of (2) of the SPI.  Thus the complement of S is 
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empty and hence S =  +.

This type of reasoning may seem alien at first but it is the foundation of many approaches in set theory, analysis and mathe-
matical logic.  The idea is to construct an appropriate statement (which gives rise to a set of values) and then systematically 
apply logic to the statement/set generally in the context of a proof by contradiction.  There are equivalent statements/sets one 
could construct.

The concept of well ordering is intimately connected with the axiom of choice.  In 1904 Ernst Zermelo proved that every set 
can be well ordered if and only if the axiom of choice always holds.  The axiom of choice says that given any set S, there is a 
mapping that assigns to each non-empty subset of S one of the elements of that subset.  In other words, given any collection 
of subsets, even an uncountable collection, it is always possible to choose one element from  each subset. Zermelo developed 
a suite of axioms of set theory as the basis for all of mathematics. In the 1920s Fraenkel and Skolem modified the axioms to 
become what is now known in the trade as the Zermelo-Fraenkel (ZF) axioms.  When the axiom of choice is added to the 
ZF system it is known as the ZFC system.   These concepts are generally irrelevant for most mathematicians in a practical 
day to day sense.  The role of the axiom of choice is a subtle one. A gob smacking example of how its use can lead to 
paradoxes is the Tarski-Banach paradox. They showed that you could take a solid ball, cut it into five  pieces, and then 
reassemble the five pieces using only rigid motions (ie rotations and translations) into two solid balls, each the same size as 
the original.  This result is often referred to as the "pea and sun theorem" because you could start with a pea and cut it into 
finitely many non-measurable pieces and then reassemble them to get a sphere the size of the sun.  For those who think the 
axiom of choice is inherently implausible the Tarski-Banach paradox is proof of that inherent implausibility.  For others who 
accept the axiom, the paradox suggests how far off the mark our "intuitive" concepts of area and volume are when it comes 
to non-measurable sets. This is not the place to go into the concepts of measurable and non-measurable sets - suffice it to say 
that you generally won't get into great trouble by not knowing all the gory details.   In 1964 Paul Cohen proved that the 
axiom of choice could be false without contradicting the ZF system.

The method of descent

There is yet again another variation of the induction - WOP  theme which is to be found in the method of descent which 
holds a special place in mathematics because of its role in some fundamental proofs in number theory.  For instance, it has a 
prominent place in  the long history  of attempts to prove Fermat�’s Last Theorem (which is the proposition  that there are no 
positive integers x, y, z such that xn + yn = zn if  n is greater than 2)

The basic history  of how  Fermat used the method of descent is contained in  Alf van der Poorten�’s  racy book on Fermat�’s 
Last Theorem , Notes on Fermat�’s Last Theorem,  John Wiley & Sons , 1996 pages 1- 4.   Another good source of 
background is John Stillwell�’s book �“Mathematics and Its History�”, 2nd Edition, Springer, 2002.  What follows  is based 
on Alf van der Poorten�’s treatment.

Cutting to the chase, Fermat wound up with the following:

 x = 2uv
 y  = u2- v2

 z =  u2+ v2
 where u and v are without a common factor, have a different parity  (ie one is odd and the other is even) and u > v.
 Fermat in fact proved  that x4+ y4 = w2 has no solution in positive integers. Part of  the proof involves an assumption that  x 
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is   even  while y and w are odd (for the reasoning see Alf van der Poorten�’s  or John Stillwell�’s book or indeed any book 
which deals with the history  of Fermat�’s Last Theorem). On this basis  there exist integers  a and b such that:
 
x2 = 2 ab , y2 = a2 - b2 and w2 = a2 + b2

From the form of y2 it follows that  a is odd and b is even (otherwise y2would not be odd). The form of x2 allows us to 
deduce that there are integers c and d such that a = c2 and d = 2d2.  Therefore y2 = c4 - 4 d4.
We now go through the loop once  again (ie for the case where n =2)  so that there are integers e and f such that:
y = e2 - f 2 ,  d2 = ef and c2= e2+ f 2.
Along that long road one intermediate result is that a prime number p  congruent to 1 modulo 4 can be represented as p = 
a2 + b2. Fermat considered some positive multiple of p, kp, say which can be expressed as the sum of two squares.  He then 
�“descended�” on k showing that  a smaller multiple of p must also be the sum of two squares.  Eventually one finishes with 1. 
p = p so that the claim is established  by  descent.
 
With induction you need some hypothesis  on which to apply  the induction step.  With the method of descent you need 
some number on which to descend.  Typically  it is shown that having chosen the integer on which the property the subject 
of the descent will  be based, any you keep finding that property  holds for even small integers ad infinitum.  But this is 
impossible because of the WOP - you can�’t get an infinite sequence of integers smaller than any integer we might choose.

More formally, the method of descent can be characterised as follows.

If k is a natural number and P is some property  of natural numbers and if:

(1) whenever P(n) is true for an integer n > k, then there is some smaller natural number, j such that  n > j ¥ k for which P(j) 
is true ; but
(2) P(k) is not true

then P(n) must be false for all n ¥ k.

In effect this is the contrapositive (see Appendix 1 for a definition) of strong induction.

One can have a finite descent or an infinite descent.  What is described above is a form of finite descent.  An infinite descent 
can be described as follows:

If k is a natural number and P is some property  of natural numbers and if, whenever P(n) is true for an integer n > k, there is 
some smaller natural number, j such that  n > j > k for which P(j) is true,  then P(n) must be false for all n > k.

A bit of history concerning Hardy

Hardy  received  a manuscript from an Indian peasant who had never done any higher mathematics. Srinivasa Ramanujan 
(1887 - 1920) was a self-taught prodigy whose insights left  Hardy  breathlessly  disbelieving.  Hardy�’s initial reaction was 
essentially  along the lines: �“I am a world class authority in my field, so it is unlikely that an untutored Indian youth can 
show me much�”.  To Hardy�’s  great credit he suspended disbelief and the rest is history.  Many  of Ramanujan�’s formulas in 
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number theory were merely stated without proof.  A few were wrong but the vast majority were right and were deep. Hardy 
sponsored Ramanujan to study  at Cambridge and although he never took a degree he made a huge impact.  Unfortunately 
Hardy's emphasis on pure mathematical techniques tended to create a climate that was not conducive  to interest in applied 
mathematics.

Hardy  and Ramanujan developed a formula for the number of partitions of n, p(n)  The partitions  of 5 are 4+1, 3+2, 3+1+1, 
2 + 2 +1, 2+1+1+1, 1+1+1+1+1 . Basically you have to represent n as the sum of positive integers where order does not 
matter.

In 1917 Hardy and Ramanujan came up with the exact formula for p(n) the first term of p(n) which is:   1

2 p 2

�„

�„n
�‰

2 p

6
n-

1

24

n-
1

24

For instance, p(200) = 3,972,999,029.388 (see  George E Andrews, �“Number Theory�”, p.150, Dover Publications).  The 
first five terms of the Hardy-Ramanujan formula give the correct value of p(200). At one level it is surprising that a continu-
ous concept such as differentiation can have application to something as granular or discrete as partitions.  However, a 
common technique in the combinatorial field is to take derivatives of a binomial or multinomial expression.   Hardy wrote a 
book about Ramanujan and in it he discloses how at times he felt humbled by Ramanujan�’s extraordinary insights. You are 
just left wondering how on earth Ramanujan came up with his results.  It is like watching a magician at work. Or a bit like 
watching an unprepossessing Welsh mobile phone salesman called Paul Potts with no professional training in opera sing 
�“Nessun Dorma�”  in British Idol like one of the best. Equally gob smacking : http://www.youtube.com/watch?v=bEo5bjn-
JViA

Hardy�’ s book on number theory is a classic and well worth reading: G H Hardy & E M Wright �“An  Introduction to the 
Theory of Numbers�”, (Oxford Science Publications) It is not an "entry level " book but it will reward you if study it 
closely.  I don't think it is really suitable for self-study by students who are having problems with the detail since the authors 
skip  many steps. 

Hardy  was another homosexual (and avid cricket fan) from Cambridge yet  again reinforcing the stereotype  of the Cam-
bridge scene that has been mercilessly pilloried in Monty Python  and other British  comedy skits.  More importantly Hardy 
had a strong philosophical aversion to applied mathematics and there is a school of thought that he held back applied 
mathematics in  England while other countries moved ahead

Inductive  proofs and systems  of formal logic - recursive concepts

Inductive proofs are fundamental to the study of formal systems of logic. To get a basic idea of formal systems  go to Part 4.   
Induction is intimately related to the concept of a recursive function which is fundamental to proofs about formal systems of 
logic. Indeed it underpinned Gödel's famous undecidability proof (which I will deal with in more detail below and some of 
the more mechanical aspects of formal systems will hopefully gel). Van der Waerden's Theorem which states that given any 
finite colouring of the integers, one of the colour classes must contain arbitrarily long arithmetic progressions, involves a 
"highly recursive proof": see Terence Tao, "What is good mathematics?", arXiv:math/0702396v1, page 4

A recursive definition of  a function is basically a definition by mathematical induction. In  broad terms, it consists of a set of 
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equations, one of which gives the value at argument 0, while the others tell you what the value of the function is for the 
argument k+1 in terms of  the value of the equation at argument k.   So if you are given any particular argument, you start 
with 0 and crank through the recursion equations as often as you need to get to the desired point.

The logician Alonzo Church developed his well known thesis in the 1930s which asserted that every recursive function is 
effectively computable.  The concept of effective computability  basically  involves a systematic  mechanical procedure, 
which if followed for a sufficient finite number of steps, is guaranteed to get you to the right answer (and no wrong 
answers).  One variant of Church�’s Thesis is that every decidable set of natural numbers is recursive.  I will explain the 
concept of decidability on the context of Gödel�’s Theorem.

In his famous  paper which changed mathematics and logic forever, Kurt Gödel used concepts of recursive functions to 
prove that in the system  of arithmetic there are statements which cannot be proved, nor can their negations be proved.  This 
is Gödel�’s famous undecidability theorem contained in his 1930 paper (published  in 1931) titled �“Kurt Gödel, On formally 
undecided propositions of Principia Mathematica and related systems�”, Dover Publications (1962).   The proof is a 
deep and subtle one and requires a course in mathematical logic to fully  understand it.  Some people thought that Fermat�’s 
Last Theorem could have been such an undecidable statement until Wiles and Taylor  proved it.

However, it is possible to get a good high level grip on how the proof works by  establishing some building blocks.  Indeed, 
the hirsute logician Raymond Smullyan has written a couple of �“mainstream�”  puzzle  books in which he basically lays  
down the foundations of Gödel�’s proof.   Smullyan�’s books are great and have a very obvious hidden agenda - to soften you 
up for Gödel�’s Theorem.  His classic book is �“The lady or the tiger? and other logic puzzles�”, Oxford University Press, 
1982.

In the early days of the development of formal logic systems a lot of basic results had to be developed.  For instance, if you 
had a system of formulas G (ie strings of symbols constructed in accordance with certain strict rules)  and if you could 
deduce or derive B from G �‹ {A},  then it can be shown that you can derive AB from G alone.  This is known as the 
Deduction Theorem and was proved in 1930 by Jacques Herbrand who was killed in a mountaineering accident in 1931 at 
the age of 23.  A piton gave way and he literally fell to his death in a chasm.  He was an exceptional student and studied with 
many great mathematicians of the time.  The proof of the Deduction Theorem involves induction.  You simply cannot do any 
formal logic without having a brush with inductive proofs or recursions.

Recursive approaches are not just used in theoretical contexts

The concept of recursive functions is ubiquitous throughout mathematics and it should not be thought that there are no 
practical applications.  The Kalman filter is a set of mathematical equations that provides an efficient recursive algorithmic 
means to estimate the state of a process, in a way that minimizes the mean of the squared error. The significance of the 
recursion is that the algorithm does not need to keep the complete data history for reprocessing every time a new measure-
ment is made. The filter is very powerful in several aspects: it supports estimations of past, present, and even future states, 
and it can do so even when the precise nature of the modeled system is unknown.  Rudolph Kalman (an Hungarian born 
mathematician working in the US) developed his filter in 1960 and it has been used widely throughout academia and many 
applied contexts, including probability / statistics and engineering.  In fact, every time you travel on a large jet you experi-
ence the Kalman filter via the jet's  anti-skid braking system. Both automobiles and aircraft have automated braking systems. 
These systems try to avoid skidding the tyre under heavy braking or low friction conditions. Many automotive systems are 
content to avoid locking of the wheel (an antilock system). Drivers can hear and feel the brake lock up but on the flight deck 
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of a large jet what is happening with the brakes is far more remote. Aircraft systems try to minimize stopping distance by 
maximizing available tyre friction (an antiskid system). Shorter stopping distances have an economic value by expanding the 
number of airports where an aircraft may land.  There are patents held in relation to such Kalman filters which are used in 
planes such as the F-16 fighter jet and the Airbus A321:  http://www.google.com/patents?id=3aMYAAAAEBA-
J&dq=5918951  

An inductive proof of the Fibonacci formula

The Fibonacci sequence gives rise to an intriguing range of  relationships  which  can be researched on many  websites.  A 
good starting point  is the Wolfram Mathworld  site :
http://mathworld.wolfram.com/FibonacciNumber.html

The sequence is defined as follows :

f0 = 0
f1   = 1

  

fn = fn-1 + fn-2 if n ¥ 2     [1]

[1]  is a linear recurrence equation and the aim is to show by induction that  fn =
J1+ 5 N

n
- J1- 5 N

n

2n 5
        [2]

The ancient Greeks called 1+ 5
2

  the Golden Ratio (j).  Note that 1- 5
2

 = 1 -j.    There are some other relationships that 
will prove useful later on:

j(1-j) =   ( 1+ 5
2

) ( 1- 5
2

) = -1

2j -1 = 5

Using induction we want to get to  fn+ 1  = 
J1+ 5 N

n+ 1
- J1- 5 N

n+ 1

2n+ 1 5
.   We will just crank the handle and see what we get and 

then I will show some more inspired solutions.

In what follows let A = 1 + 5  and B = 1 - 5 . Now the base case is n = 2 and [2] is true for this value since  
J1+ 5 N

2
- J 1- 5 N

2

22 5
= 1 and f2 = f0 + f1 = 1.

Our induction hypothesis has to cover the fact that [1] must hold at n-1 and n-2 and [2] will be used at each of those values.  
So we assume that [1] and [2] hold for all integers §  k (where k¥2)
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Thus fk +1= fk + fk-1 =  
J1+ 5 N

k
- J1- 5 N

k

2k 5
  + 

J1+ 5 N
k-1

- J1- 5 N
k-1

2k-1 5
 using the induction hypothesis    [3]

Note that we assumed that  [1] and [2] were true for all n§k hence these steps are justified.  Now [3] does not look very 

promising since we want to get to A
k+1 - Bk+1

2k+1 5
 because there seems to be too much in it.  One line of attack might be to 

laboriously expand [3]  and use the fact that A + B =2 and A - B = 2 5  somewhere along the way.  However let's try to 
group the A's and B's thus:

fk+1=
Ak

2k 5
+ Ak-1

2k-1 5
- K

Bk

2k 5
+ Bk-1

2k-1 5
O    [4]

Let's deal with the first part of [4] to see if that gets us anywhere:

Ak

2k 5
+ Ak-1

2k-1 5
 = Ak+1

2k 5
J
1
A
+ 2

A2
N

= Ak+1

2k 5

HA+ 2L
A2

= Ak+1

2k 5

J1+ 5 + 2N

J1+2 5 +5N

= Ak+1

2k 5

J3+ 5 N

J6+ 2 5 N

= Ak+1

2k+1 5

So we are halfway there.    It is reasonable to expect from considerations of symmetry  that the second part of [4] will  have 
the right form and it does :

Bk

2k 5
+ Bk-1

2k-1 5
= Bk+1

2k 5
J
1
B
+ 2

B2
N

= Bk+1

2k 5

J3- 5 N

J6-2 5 N

= Bk+1

2k+1 5

So fk+1 =
Ak+1

2k+1 5
- Bk+1

2k+1 5
which is exactly what we wanted to prove. Since the formula is true for the base case n 
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= 2  and it is true for any integer § arbitrary k, it is true for k +1 and for all k.

There are some other more interesting ways of solving this problem that have much wider applications.  Let's start by 
rewriting [1] in matrix notation as follows:

K
fn
fn-1

O = 
1 1
1 0

K
fn-1
fn-2

O

ie Fn = AFn-1

= A AFn-2
=A2Fn-2

Now when you look at the power of A and the subscript of F they add to n (ie 2 + n -2).  This suggests the bold guess that Fn 

= An-1F1  where F1= 
f1
f0

 = K 1
0
O.  Now here is where some linear algebra theory comes into  play.  If you could diago-

nalise A you should get the required formula.  But is the guess for Fn right?   The assertion is that Fn = An-1F1.  Suppose it is 
true for any n.

Fn+1 = AFn = AAn-1 F1 = An F1 so it is true for n + 1.  But is the base case F1true?

 F1 = 
1 1
1 0

1-1
K
f1
f2

O=  K f1
f2

O  as long as you accept that A0 = I,  the 2 x 2 identity matrix.

Theorem 1:

If S = (v1, v2, ...., vnM  is an eigenmatrix for the n x n matrix A where viis an eigenvector corresponding to the eigenvalue 

li then AS = SW  where W= diag(l1, ...., lnL ie a diagonal matrix with the eigenvalues on the diagonal.  This is the case since  

AS = (Av1, A v2, ...., A vnM = (l1v1,l2v2,.....,lnv1 n) = SW

Theorem 2:

If S is a non-singular eigenmatrix for the n x n matrix A, then A = SWS-1.  This follows from Theorem 1 because S is non-
singular ie its inverse exists.  If two matrices A and B are related by an equation of the following form (where S is a non-
singular matrix) they are called similar and have many properties in common:
A = SBS-1

Thus a non-singular matrix A is similar to a diagonal matrix.

Getting back to the problem.....

First we need to work out the eigenvalues of A which are the solutions of  �†lI - A�† = 0
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ie l2  - l + 1 = 0

The eigenvalues are thus:  l1 =
1+ 5

2
  and l2 = 1- 5

2
.  Note that l1+ l2= 1 and l1l2= -1 (remember : l2 + (sum of roots) 

l - product of roots = 0)   The eigenvector corresponding to l1 is 
1

-1+ 5

2

 = J 1
-l2

N and the eigenvector corresponding to l2 is 

1
-1- 5

2

 = J 1
-l1

N.

From the theory of similar matrices we know that A = SWS-1 where W = 
l1 0
0 l2

  and S = 
1 1

-l2 -l1
. 

S-1 = 1
l2- l1

-l1 -1
l2 1

= -1

5

-l1 -1
l2 1

Thus Fn = An -1 F1 = S Wn -1 S-1 F1 .  Because W is a diagonal matrix is follows that   Wn-1  = 
l1

n- 1 0
0 l2

n- 1 .  

Indeed that is one of the problems.

So all you have to do is the matrix multiplication:

J
fn
fn 1

N = -1

5

1 1
-l2 -l1

l1
n- 1 0
0 l2

n- 1

-l1 -1
l2 1

J
1
0
N

= -1

5

l1
n- 1 l2

n- 1

-l2 l1
n- 1 -l1 l2

n- 1

-l1 -1
l2 1

J
1
0
N

= -1

5

-l1
n + l2

n -l1
n-1 + l2

n-1

l2 l1
n - l1 l2

n l2 l1
n-1 - l1 l2

n-1 J
1
0
N

= -1

5
J

-l1
n+ l2

n

l2 l1
n -l1 l2

n N

ie   J fn
fn 1

N = 1

5
J

l1
n - l2

n

- l2 l1
n + l1 l2

n N

Thus we have  fn = 1

5
Hl1

n - l2
n ) = 1

5
{  K 1+ 5

2
O
n
- K 1- 5

2
O
n
}  which is what we wanted to prove.
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But wait - there' s more !

The Fibonacci sequences is, after all, a sequence and we can write it like this: x0, x1, x2,..... One technique that is found 
throughout number theory and elsewhere is to treat the elements of a sequence as coefficients of a polynomial.   Now this 
may not sound like it will pay any dividends but let's just persist with the idea for a while.  Our sequences transform this way:

fn     ö         x0, x1, x2,.....  ö  x0 + x1 s  + x2s2+ ........  ª X(s) 

fn+1  ö       x1, x2, x3, ...   ö  x1 + x2 s + x3s2 + ........   ª 1
s
HXHsL - x0L   [this is a shift of one to the left]

fn+2 ö        x2, x3, x4,.....   ö  x2 + x3s + x4 s2+ .......    ª 1
s2
H XHsL - x0 - x1 sL [this is a shift of two to the left]

In other words elements of the sequence are mapped to coefficients of an infinite series.  The nth element of the sequence 
goes over to the coefficient of sn in the series.

Adding the terms of the shifted sequences term by term you get this:

{1, 1, 2, 3, 5, ......} +
{1, 2, 3, 5, 8, ......} =
{2, 3, 5, 8, 13,.....}

This suggests that if we add the transforms for fn and fn+1we might get the transform for fn+2, noting that x0 = x1= 1.  So 
let's live dangerously and do it:

X(s) + 1
s
HXHsL - 1L  =  1

s2
H XHsL - 1 - sL

ie  X(s) [ 1 + 1
s
- 1
s2

] = 1
s

- 1
s2

- 1
s
= - 1

s2
 

X(s) [ s
2 + s-1
s2

]  = - 1
s2

So  X(s) = 1
1- s- s2

Now we can use partial fractions to decompose  this last result and the Golden Ratio emerges since  1 - s - s2 =  1
5

( 1
j + s  

+ -1
-1
j
+ s

)  Checking  this we see that:
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1
5

( 1
j + s  + -1

-1
j
+ s

)  = 1
5

(
-1
j
+ s - j - s

-1+ js - s
j
+ s2

)  = 1
5

{ 1- j - j

-1+ sJj -
1
j
N+ s2

}  = 1
5

( 1- 2 j
-1+ sHj + 1- jL+ s2

)

= 1
5

( - 5
-1+ s+ s2

)

= 1
1- s- s2

So X(s) =  1
5

( 1
j + s  + -1

-1
j
+ s

).  But where has this got us?  Remembering that if we get the coefficient of sn we will have 

our value for xn we need to be able to  express the two summands on the RHS of X(s) in powers of s.  This is fortunately 
easy because the expressions reflect geometric type series.  The structure we after is :

a
b+ s  = ab - as

b2
+ as2

b3
-......

What is the nth term?  It is  -a H-1 êbLn+1sn so the coefficient we are after is  -a H-1 êbLn+1.  To get from X(s) to the nthcoeffi-
cient we effectively need to invert the RHS of X(s) which consists of two series of the form a

b+ s
.  The correspondence we 

are after is this:

nth coefficient of 1
j + s  ö  -1 H-1 êjLn+1 = - H1 - jLn+1  (here a = 1 and b = j)

nth coefficient of -1
-1
j
+ s

 ö   jn+1 (here a = -1 and b = -1
j

)

So the n th  coefficient of X(s) is :  1

5
(- H1 - jLn+1 + jn+ 1 )  = 1

5
{
J1+ 5 N

n+1
- J1- 5 N

n+1

2n+1
}   where n runs from 0.  Since 

x0 = f0= 0 we may as well re-index to start from n=1.  Thus the coefficient we are after is 1

5
{
J1+ 5 N

n
- J1- 5 N

n

2n
}  which 

is what we got before.

Some things you really need to know

Set theory

If you are asked to prove that for two sets A and B, A = B, you have to prove two implications:
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(1)  if x is an element of A it is an element of  B  (ie A is a subset of B);  and 
(2)  if y is an element of B it is an element of A (ie B is a subset of A)

Symbolically, �“A is a subset of B�” is written  �“AÕ B".

There are several fundamental set theoretic relationships which you will inevitably and frequently use (often implicitly rather 
than explicitly). Augustus De Morgan (who played an important role in the logical foundation of induction) developed two 
laws which have analogues in truth functional logic.  In terms of sets, the laws look like this:

(3)  A �› ( B �‹ C) = (A �› B) �‹ (A �› C)  
(4)  A �‹ (B �› C) = (A �‹ B) �› (A �‹ C)

These two laws look suspiciously like distributive laws which is exactly what they are.  Instead of sets one can express the 
two laws equivalently in terms of statements:

(5) p . ( q V r ) ª  (pq V p r)    where "." means �“and�” and �“V�” means �“or�” and "ª�” means �“if and only if�” 
(6) ( p V qr)  ª (p V q  . p V r)

The left and right hand sides of (5) and (6) are truth functionally equivalent ie for any assignment of truth conditions to the 
component statements the resulting implication is true.  That sort of thing is proved in logic courses.  These laws are the 
building blocks of much of probability  theory  and much more so it pays  to understand them as well as some other relation-
ships.

So how do you prove (3) for instance? Remember the simple rule: you have to prove that if x is an element of  A �› ( B �‹ C) 
it is also an element of  (A �› B) �‹ (A �› C)  and then you have to do the reverse implication.  Suppose x e A �› ( B �‹ C).  
Then x is an element of  B�‹C and so it is an element of either B or C.  But since x is also an element of A we have either x e 
(A�›B) or x e (A�›C)  which means that x e  (A �› B) or (A �› C).  This shows that A �› ( B �‹ C) Õ  (A �› B) �‹ (A �› C).

Now suppose y is an element of  (A �› B) �‹ (A �› C).  Then y is an element of at least one of  (A �› B) and (A �› C). If y is 
an element of  (A �› B) then y is an element of both A and B.  If y is an element of (A �› C). it is an element of both A and 
C. In either case y is an element of A and at least one of B and C.  This means that y is an element of   A �› ( B �‹ C).  So we 
have proved that   (A �› B) �‹ (A �› C)  Õ A �› ( B �‹ C) .  Putting both implications together we have proved the equality of 
the sets.  

The following Excel spreadsheet uses Excel�’s built in logic functions to show the logical equivalence of  (5) and (6) which 
amounts to establishing (3) and (4).  

The logical equivalence is demonstrated by the fact that for each of the   
23 assignments of truth values to the the compound statements, the truth functional outcome is the same.
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De Morgan s  second  law

You have seen how to prove  A �› ( B �‹ C) = (A �› B) �‹ (A �› C)  .  De Morgan's Second Law is  this: A �‹ (B �› C) = (A 
�‹ B) �› (A �‹ C)  ie (4) above

Suppose x e A �‹ (B �› C).   But x is then a member of  (A �‹ B) �› (A �‹ C) since if x e A it is clearly a member of both  (A 
�‹ B) and (A �‹ C) and if x e  (B �› C)  it  is then a member of both  (A �‹ B) and (A �‹ C).

Now suppose y e (A �‹ B) �› ( A �‹ C).  Then y is an element of both A �‹ B and A �‹ C.   If y e A then irrespective of 
whether it is in B or C it is in A �‹ (B �› C).

On the other hand if y e  B  (but y �– A)  then y must  be in C  ( since y �œ  A �‹ C) . Hence y �œ B �› C which means that y e A 
�‹ (B �› C).  Similarly. if y �œ C ( but y �– A) then  y �œ B  (since y �œ A �‹ B) so y �œ B �› C which means that y e A �‹ (B �› 
C). 

This shows the required equality of the two sets.

A generalisation  of De Morgan s  Laws

Prove by  induction:

(1) K�‹i=1
n

AiO
c
= �›n

i=1
Ai
c

(2)  K�›i=1
n

AiO
c

= �‹n

i=1
Ai
c  where Ac is the complement of A.

Proof of (1):

The formula is uninterestingly true for n=1 so let�’s take n=2 as our basis step.  In that case we want to show that 
HA1 �‹ A2Lc = A1c �› A2c

Suppose  that  x e HA1 �‹ A2Lc then since x is outside the union of the two sets it must be in each of the complements of the 
individual sets.  In other words x e  A1c �› A2c.  This  step shows that  HA1 �‹ A2Lc  Õ A1c �› A2c.
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On the other hand, if x e A1c �› A2c then x is outside both sets which means it is not in either of them.  Hence x e 
HA1 �‹ A2Lc . This shows that:

A1c �› A2c Õ  HA1 �‹ A2Lc and putting the two strands together we get HA1 �‹ A2Lc = A1c �› A2c

For our induction step we assume that K�‹i=1
n

AiO
c
= �›n

i=1
Ai
c  for any n.  Let B = �‹i=1

n
Ai.  Consider  �‹i=1

n+1
Ai

c

= 

H B �‹ An+1L
c = Bc �› An+1

c = K�‹i=1
n

AiO
c
 �› An+1

c

= ( �›n

i=1
Ai
c ) �› An+1

c  =  �›n+1

i=1
Ai
c  which establishes that the formula is true for n+1 and hence true for all n by the principle of 

induction.

Proof of (2):

Again consider the situation for n =2 ie  we want to show that HA �› BLc = Ac�‹ Bc.  Suppose x e HA �› BLc .  This means that 
x is not in both A and B which is equivalent to saying that x is either not in A or not in B ie x e Ac�‹ Bc.  On the other hand, 
suppose that x e Ac�‹ Bc.  This means that x is outside at least one of A and B. If  x is outside A, say, it is true that x e 
HA �› BLc since HA �› BLc  is a set whose members are in at least one of Ac or Bc. Remember that HA �› BLc  = { x: it is not the 
case that x is in both A and B} = { x: x is not in A or x is not in B} ) . This  shows that  HA �› BLc = Ac�‹ Bc.  We follow the 
same recipe as for (1):

We now assume that K�›i=1
n

AiO
c

= �‹n

i=1
Ai
c for any n  and let B = �›i=1

n
Ai

Then �›i=1
n+1

Ai

c

 = HB �› An+1L
c = Bc �‹ An+1

c  = K�›i=1
n

AiO
c
 �‹ An+1

c = (�‹n

i=1
Ai
c ) �‹ An+1

c = �‹n+1

i=1
Ai
c   which establishes 

that the formula is true for n+1 and hence true for all n.

Some limit  theory  you will need  sooner  or later

Because all differential and integral calculus essentially revolve around estimating the sizes of various things there is really 
no escape from understanding limits.  Analysis  deals with concepts such as limits and continuity and is usually regarded as a 
difficult subject by  students because of its �“take no prisoners�” levels of accuracy of argument.  The historical development 
of analysis was much more difficult and protracted than most students ever appreciate.

Historical  point

Newton got into trouble with various people, notably  Bishop George Berkeley (the Church was very powerful in those 
days), concerning his limit arguments which, by modern standards, were pretty rough.  The Bishop, who had some claims to 
being a mathematician but nowhere near the stature of Newton,  made fun of Newton by suggesting that his �“fluxions�” 
which went to zero in his calculus arguments were logically inconsistent:  The exact quote was: 

"And what are these fluxions? The velocities of evanescent increments. And what are these same evanescent increments? 
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They are neither finite quantities, nor quantities infinitely small, nor yet nothing. May we not call them ghosts of departed 
quantities?"

Leibniz developed a whole theory of infinitesimals or ideal numbers which were infinitely small or large but had the same 
properties as conventional numbers.

The good Bishop was actually right although he was merely a carping critic who really had nowhere near the ability of 
Newton or Leibniz - Newton�’s arguments were not logically consistent in the way he presented them. He was a creature of 
his times - and so was the Bishop.  As I point out below, it can be shown that Newton and Leibniz were actually right, thanks 
to the remarkable Abraham Robinson.  The big problem was that the limiting process used in those days was explained so 
that it looked like it was fudged.  Rigorous analysis did not come until much later with Cauchy with his epsilon-delta 
approach to limits.  However, in substance Newton clearly knew what he was doing and even by modern standards his work 
is simply astonishing.  It worked. If you have any doubts read Richard Feynman's �“Lost Lecture�” edited by David L 
Goodstein and Judith R Goodstein. Feynman  shared the 1965 Nobel Prize for physics for his work on quantum electrody-
namics. He tried to reproduce Newton�’s purely geometric proof of the inverse square law but  was defeated by the obscure 
geometrical insights Newton used for his proof.  In the 17th and 18th centuries geometry was absolutely fundamental to 
mathematical training and there were many tricks of the trade that modern mathematicians would simply not �“see�”.  
Euclidean geometry in its traditional form was taught in British public schools (our equivalent of private schools) well into 
the 1950s and even early 1960s.

So Feynman  did a lecture on a geometrical proof of the inverse square law.  As a 12 or 13 year old I wondered why  it was 
not r-2.1 or r-1.9 .  One would expect an empirical law to involve something other than an integer.  If you study general 
relativity,  Newton�’s result �“falls�” out of the general field equations as a first order approximation (ie the linear part of the 
overall result). Every textbook on general relativity has the proof. Read Feynman�’s book and you will learn how Newton 
came to his result. There are translations of Isaac Newton, "The Principia", Prometheus Books, 1995  (pronounced  "prin-
kip -ee- a"  - it was in Latin so no-one exists to say this is the wrong pronunciation) and it is worth the effort to try to follow 
at least parts of it in your spare time.  Newton produces astonishing geometrical proofs for some problems in fluid dynamics 
that are done in undergraduate courses  using modern techniques.  His logic and physical   intuition were right on the money.  
Some modern commentators could not believe he had done it and I can recall reading one paper where someone has labori-
ously translated the geometrical proofs into modern terms and Newton was right. Memo to self: because  I don�’t see it 
doesn�’t mean someone else can�’t see it. I have actually touched an original  copy of Principia with annotations in it by  an 
English mathematician called Coates who Newton had asked to comment on it.  The book is worth several million dollars 
now.

Suppose we have a function f(x) and we want to make sense of the statement: limxØ a f HxL What happens  to the value of 
f(x) as x approaches a,  noting that x can do this from the right or the left for real numbers (but for complex numbers the 
direction of approach is arbitrary, but that is a whole new story and you will have to study complex variable theory to 
understand where that leads)?  If the values of f(x) somehow get close to f(a) (assumed to be < ¶)  we say that the limit 
exists as a finite number.  This leads to the modern theory of limits which is referred to in texts as the epsilon-delta approach. 
It reads like this:  

limxØ a f HxL = f HaL means that for every e > 0 we care to choose,
there is a d > 0 such that whenever 0 < x - a < d, f HxL - f HaL < e
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So whenever x is close to a , f(x) is close to f(a).

In the notation of logic this statement translates this way :  ( " e) {e > 0  ($ d)[d > 0  &   (" x) ( 0 < | x - a | < d  | f(x) - 
f(a) | < e )]}

It is important to understand that e is chosen first and for each such choice a suitable d can be chosen.  There is a BIG 
difference between that definition and this:

($ d) {d > 0   &  (" e)[e >  0     (" x) ( 0 < | x - a | < d  | f(x) - f(a) | < e )]}

To see why consider the following two structurally similar forms :

(1)  (" x) ($ y) Hxy  (this is essentially the structure of the correct epsilon -  delta definition - it says that for any x there is 
some y such that the condition holds)

(2) ($ y) (" x) Hxy (this is essentially the structure of the incorrect definition - it says that there is a y such that for any x the 
condition holds)

To  see why  (2)  is  incorrect  let " Hxy " stand  for " x and y are the same thing ".  Then what (1) says   is :

For  every  object x that is chosen there is an object  y such that x and y are the same thing.   Clearly there will be such  an 
object which is the same as x , namely  the chosen object  itself.  So (1) is true.

On   the other hand, if the number of  objects in the universe under consideration is greater than one, no one object can be the 
same as each ie no one object y can be such that  (" x) (x and y are the same thing).  So (2) is false

The nub of the distinction is that  ' (" x) ($ y)  Hxy' says that once any object x  is fixed on an object y with emerge such that 
Hxy holds.   Different choices of x  may  give rise to different choices of y.  What (2) says is that there is some object y 
which you can fix upon such that for the same fixed y, Hxy will hold for all comers x.

I  have spent some time on the logic of this distinction because it is frequently  and fundamentally misunderstood.   The logic 
notation is merely an aid to assist in understanding the fundamental  distinction   between  (1) and (2).  I cannot recall any 
analysis textbook which has actually gone to the  trouble of making this distinction.
  
Historical asides

In 1821 Cauchy introduced his epsilon-delta concepts of limit and thus began the more rigorous approach to limits and 
continuity that is taught today.  In 1823 in his book on calculus Cauchy defined the derivative in this way:

"Designate by d and e two very small numbers; the first being chosen in such a way that, for numerical values of i less than 
d, and for any value of x between x0and X, the ratio of 
( f(x + i) - f(x) ) / i always remains greater than f £(x) - e and less than f £(x) + e"

This definition reveals that Cauchy assumed that his d would work for all x on the given interval but that is really a defini-
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y g y
tion of uniform convergence of the differential quotient. So even Cauchy had his moments ! See Judith V Grabiner, �“ 
The Origins of Cauchy�’s Rigorous Calculus�”, Dover Books, 1981, p.115

Newton and Leibniz  ultimately had their intellectual revenge on Bishop Berkeley in the form of Abraham Robinson who 
escaped from Nazi Germany and took his remarkable talents in logic and mathematics to the United States. Robinson�’s 
monumental work on non-standard analysis was devoted to demonstrating that Leibniz's approach could be rigorously 
defended.  To understand this more deeply, consider the usual definition of a derivative that is now given in calculus courses:

f £Hx0L = a means that limxØ x0
f HxL- f Ix0M

x- x0
= a

In epsilon-delta speak this means that "  > 0 , $d > 0 such that �†
f HxL- f Ix0M

x- x0
- a§ <  whenever  0 < �† x- x0 § < d

Robinson approached the problem this way.  Suppose that for any x in the interval of definition of  f(x)  such that dx = x - 

x0is infinitely  close to 0 but not equal to 0, the ratio df
dx

, where  df = f(xL - f Hx0L,  is infinitely  close to a.  Robinson�’s 

book, �“Non-standard Analysis�”, Princeton University Press, 1996 is devoted to providing a rigorous demonstration of 
how a logically consistent  system  of analysis can be developed along the lines envisaged by Leibniz.

Theorem :
Suppose that limxØ a f HxL = L < ¶ and limxØ a gHxL = M < ¶ . Prove that limxØ a f HxL gHxL = LM.

To understand the proof you   have to look at where you  want to end up.   In essence you  have to show that for any  e  >  0 
that is chosen, no matter how small,  there is a d >  0 such that the absolute difference between  f(x) g(  x) and LM is less 
than e whenever  x is within d of a (in absolute terms).  You have my assurance that sooner or later (indeed very soon) you 
will need to resort to the " triangle inequality " which  states  that for any  a, b :  | a + b | § | a | + | b | 

In other words the length of a given side  of a triangle does not exceed the sum of  the lengths of  the other two sides. Hence 
the name "triangle inequality".   Here is a quick proof (note that the proof does not establish the 2 dimensional situation 
pictured below - you need the Cauchy - Schwarz inequality to prove that and  that is a problem for later).  
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The definition  of  �†a�†  is   simply  max {a, -a}.  In other words, when   a is negative �†a �† = -a and when a is positive �† a �†  =   a.  
So  from the definition �† a + b �† = max {a + b, -(a + b)}

Clearly, a § �† a �†  and  b § �† b �†  so  a + b § �†  a�† + �† b �† .  Also - a § �† a �† and - b § �† b �†  so - (a + b) § �† a + b �†.

Because �† a + b �† is either  a + b or - (a + b) it follows that �†  a + b �† § �† a �† +�† b �† 

Now for the substance of the proof.

�† f(x) g(x) - LM�† =  �† f(x) g(x) - M f(x)  + M f(x) - LM �†  § �† f(x) g(x) - M f(x) �†  +  �† M f(x) - LM �†

§ �† f(x)�† �† g(x) - M �† + �† M �† �† f(x) - L �†

This is looking good because we know that we can make �† g(x) - M �†  and  �† f(x) - L �† arbitrarily small since that is what it 
means for their respective limits to exist.  Now M could be zero so to properly dominate the right hand side we make the 
following estimate:

 �† f(x)�† �† g(x) - M �† + �† M �† �† f(x) - L �†  §   �† f(x)�† �† g(x) - M �† +  ( �† M �† + 1 )  �† f(x) - L �†
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 Now all we have to do is to get an estimate for �† f (x) �† and we are nearly done. Because limxØ a f HxL = L   , $
d1 > 0 such that 0 < x - a < d1  f HxL - L| < 1  (here e = 1).
 
 This means that -1 < f(x) - L < 1  or   L - 1 < f(x) < 1+ L.  In other words f(x) is bounded and $P > 0 such that �† f(x) �† < P  
(we just make P big enough so that   -P < L - 1 < f(x) < 1+ L < P )
 
 Now we have all the ingredients let�’s put it all together properly.  Take any e > 0 then  $d2 > 0 such that gHxL -M < e

2 P
  

whenever 0 < �† x - a �† < d2.  
Also $d3 > 0 such that f HxL - L < e

2 HM + 1L
 whenever  0 < |x-a|  < d3

So if we choose d = min{d1, d2, d3}  it follows that �† f(x) g(x) - LM �† §  �† f(x)�† �† g(x) - M �† +  ( �† M �† + 1 )  �† f(x) - L �†  § P e

2 P
 

+ H M +1 L
e

2 HM + 1L
= e

2
+ e

2
= e

This is what we wanted to prove.  Note that I chose d as min{d1, d2, d3) to ensure that all 3 estimates simultaneously hold.  
With this theorem established you should be able to prove that if  
limxØ a f HxL = A < ¶, then limxØ a f nHxL = An for integral n ¥ 1.

All you wanted to know about �‰ but were afraid to ask!

�‰ is an incredibly important mathematical constant.  It is what is known as a transcendental number.  A transcendental 
function is a function which does not satisfy  a polynomial which has  polynomials as coefficients.  This was proved for ex in  
1873 by Charles Hermite, a  Frenchman (pronounced  something like �”air-meeta�”  - with a guttural effect - if you have any 
sensibilities for French pronunciation.  Most people probably pronounce it �“Her - mite�”).   He used proof  by  contradiction 
to get his result.

�‰ is defined to be the following limit:  limnØ¶ J1 + 1
n
N
n

The rate of growth of the terms of the sequence  can be appreciated from the following observations.  The first elementary 

property  of the sequence is that it is strictly increasing.  In other words  if  an = J1 + 1
n
N
n

 then  an+1 > an for all n ¥ 1

This is an important property  and it involves looking at the binomial expansions of J1 + 1
n
N
n

 and J1 + 1
n+1

N
n+1

 and compar-

ing the relative sizes  of the terms.

The proof

J1 + 1
n+1

N
n+1

= 1 + n+1
n+1

+ 1
2!

Hn+1L n
Hn+1L2

+ 1
3!

Hn+ 1L n Hn-1L
Hn+1L3

+ ... .. + 1
Hn+1Ln+1

  using the Binomial Theorem (see the Problem Set)

= 1 + 1 + 1
2!

n
Hn+1L

+ 1
3!

n Hn-1L
Hn+1L2

+ ... ... + 1
Hn+1Ln+1

Hthere are n + 2 terms in this sumL @AD
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I1 + 1
n
M
n

= 1 + n
n

+ 1
2!

n Hn-1L
n2

+ 1
3!

n Hn-1L Hn-2L
n3

+ .. + 1
nn

= 1 + 1 + 1
2!

Hn-1L
n

+ 1
3!

Hn-1L Hn-2L
n2

+ ... ... + 1
nn

Hthere are n + 1 terms in this sum L @BD

The first two terms in each sum are equal so let' s look at the 3rd  and subsequent terms. If we compare the difference of the 
3rd term in each series (ie [A] - [B])  we have:

1
2!

n
Hn+1L

 -  1
2!

Hn-1L
n

= 1
2!
J
n2- n2 + 1
nHn+1L

N > 0  This means that  the 3rd term of [A] is strictly  greater than its corresponding term in 

[B].

This relationship holds generally.  The kth  term of [A] is Ck
n+1 1

Hn+1Lk
 = Hn+1L!

Hn+1- kL! k!
1

Hn+1Lk
   = Hn+1L nHn-1L Hn-2L... Hn+2-kL

k!
1

Hn+1Lk

The kthterm of [B] is Ck
n 1
nk

= n!
Hn- kL! k!

1
nk

 =  nHn-1L Hn-2L... Hn+1-kL
k!

1
nk

Each of these terms can be written as a product (note in both cases I am ignoring factors such as 1
2!

because they do not affect 

the direction of the difference) :

[A] term = ¤j=1
k n- j +2

n+ 1
    

[B] terms = ¤j=1
k n- j + 1

n

Note that  ¤k=1
n xk = x1 x2 ....xk

For instance the 3rd term of [A] is given by  ¤j=1
2 n- j +2

n+ 1
 = Hn+1L n

Hn+1L Hn+1L
= n

n+1
  (note here that j runs from 1 to 2 because we are 

ignoring the leading term 1 which is attributable to j = 0 in both series).

Similarly, the 3rd term of [B] is given by ¤j=1
2 n- j + 1

n
 = n

n
Hn-1L
n

 = n-1
n

Now we can see why the terms in [A] are systematically greater than the corresponding ones in [B] because we simply 
compare the general terms in each of the products.  This:

n- j +2
n+ 1

 - [ n- j + 1
n

] =  n
2 - nj+ 2 n- n2 + nj- 2 n+ j - 1

nHn+1L
 = j -1

nHn+1L
 > 0 for j > 1

So the sign of the difference is governed by j -1 which for the 3rd term on (ie j =2 corresponds to the 3rd term) is positive so 
that the terms in [A] are larger than those in [B].  This shows that each term in [A] is greater than each corresponding term in 
[B] so that the product is greater.  Now note that [A] has an extra positive  term so that we must have a strictly increasing 
series ie an+1 > an  for all n ¥ 1
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Can you prove that the sequence  {an} is bounded above by 3?

Start with J1 + 1
n
N
n
 = 1 + 1 + 1

2!
Hn-1L
n

+ 1
3!
Hn - 1L Hn-2L

n2
+ ... ... + 1

nn

 <  1 + 1 + 1
2!

+ 1
3!

+ ... ....+ 1
n!

 (can you see why?)

 
 < 1 + 1 + 1

2
+ 1

22
+ ... ... + 1

2n-1
  (can you see why?  If not just note that  n! ¥ 2n- 1  for all n ¥ 1)

 
But  1 + 1 + 1

2
+ 1

22
+ ... ... + 1

2n-1
 =  1 +  2  (1 - 1

2n
)   < 3 .   Here I have used the fact that 1 + 1

2
+ 1

22
+ ... ... + 1

2n-1
  is a 

geometric series with sum 1- r
n

1-r
 where r = 1

2

 
 One can establish that 0 < �‰ < 3 using calculus as follows:
 
Now  �Ÿ1

2 �„t
t

 < 1. The strict inequality is important here. Although for  t in  [1,2] it is true that  1
t
§ 1, and so �Ÿ1

2 �„t
t

 § 1 ä (2-1) 

=1,  the integral is an area and 1
t
= 1 at only one point which does not make any difference to the overall area.  This observa-

tion gives us the sharper inequality.The diagram makes it clear that the integral on [1,2] must be strictly less than 1 since 1
t
 

lies below the straight line between (1,1) and I2, 1
2
M.
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 Now �Ÿ1
2 �„t
t

 = ln 2 - ln 1 = ln 2  so ln 2 < 1 which means that �‰ > 2.  But �Ÿ1
3 �„t
t

= �Ÿ1
2 �„t
t

 + �Ÿ2
3 �„t
t

 = �Ÿ0
1 �„u
2- u

 +�Ÿ0
1 �„u
2+ u

 = 4�Ÿ0
1 �„u
4- u2

  

where the substitution t = 2 - u has been made in the first integral (note that dt = -du so the limits of integration can be 
reversed) and t = 2 + u in the second integral. Finally,  4�Ÿ0

1 �„u
4- u2

 > 1 so that ln 3 > 1 ie �‰ < 3.  The reason that  4�Ÿ0
1 �„u
4- u2

 > 1 

can be seen from the following diagram:
 

 

Note that 1
4-u2

 >  1
4

 for u > 0 so  4�Ÿ0
1 �„u
4- u2

 > 1 (similar reasoning as was used in relation to the claim�Ÿ1
2 �„t
t

 < 1)

One can use calculus to get to the same conclusion about the strictly increasing nature of the sequence for �‰.  The Mean-
Value Theorem (MVT)  tells us that f(x + h) - f(x) = h f '(x + q h)  for  0 < q < 1.  Note here that there is a x in (x, x + h) such 

that f 'HxL = f Hx+ hL- f HxL
h

 and you  let x = x + q h  for  0 < q < 1 to get the required statement of the MVT.

So from the MVT we have that  ln ( x +1 ) - ln x = 1
x
  where x < x < x + 1, assuming x > 0.  Therefore:

�„

�„x
8 x @ ln Hx + 1L - ln x D < =  ln ( x + 1) - ln x + x J 1

x+ 1
- 1

x
N = ln ( x + 1) - ln x - 1

x+ 1
 >  0  since  ln ( x +1 ) - ln x = 1

x
  and 

1
x
 > 1

x+ 1
> 0

This shows that J1 + 1
x
N
x

increases with x  which supports what was done above without resort to calculus. 

Note that  �‰x+ y  =  �‰x. �‰y and we can show that if we have a functional relationship of the form f(y + z ) =  f(y) f(z), the 
solution is not fundamentally different from the exponential function.  To see why differentiate wrt y and then z in turn:
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f 'Hy + zL =
�„ f Hy+zL

�„y
= �„ f HyL

�„y
. f(z) = f 'HyL f HzL

f 'Hy + zL =
�„ f Hy+zL

�„z
= �„ f HzL

�„z
. f(y)  = f 'HzL f HyL

But   �„ f Hy+zL
�„z

= �„ f Hy+zL
�„y

.   Note here that we are not dealing with a function of two variables such as f(y,z).  There is only  one 

variable y + z = u so �„ f Hy+zL
�„y

= �„ f HuL
�„u

�„u
�„y

 = f 'Hy + zL M .1  since z is effectively a constant.  Similarly for �„ f Hy+zL
�„z

.

Thus we have that f 'HyL f HzL =  f 'HzL f HyL  so f
'HyL
f HyL

 =  f
'HzL
f HzL

 = a constant.  Let x = f(y) then f 'HyL = �„x
�„y

  and f
'HyL
f HyL

= 1
x
�„x
�„y

 = k, a 

constant.  Integrating  we get �Ÿ
�„x
x

 = �Ÿ k �„ y.  Therefore, ln x = ky + b and so x = A�‰ky  where A = �‰b.

This chain of reasoning demonstrates that the solution is not fundamentally different from the exponential function.  How-
ever, there is a more fundamental reason.  There is in fact an isomorphism between the additive group of real numbers and 
the multiplicative group of positive reals.  The concept of isomorphism is dealt with in group theory courses that are studied 
as part of algebra, but for present purposes all that needs to pique your interest is that certain groups that look different can 
be regarded as essentially the same.  In this case if we consider ( , +, 0) (the group of reals with addition as the operation 
and identity unit 0)  and ( +,  ·,  1) (the group of positive reals with operation of multiplication and identity unit 1) an 
isomorphism between ( , +, 0) and  ( +,  ·,  1) is the exponential function  x Ø �‰x.  This is bijective with inverse y Ø ln y.

There will be an isomorphism between  and + if there exists a bijective map l: Ø + such that l(0) = 1 and l(y + z ) = 
l(y)l(z)  for all y, z e .  So if l( y + z) =  �‰y+ z we will have that  l( y + z) = l(y)l(z) = �‰y�‰z = �‰y+ z.  Also, l(0) = �‰0 = 1.  
This shows the interconnections between various parts of mathematics.
 
If you want to understand why an increasing sequence bounded above converges have a look at Appendix 2.

Now that you know something about e you should be able to prove the following proposition by induction:

n! > J n
�‰
N
n

" n ¥ 1 e

You can assume that J1 + 1
n
N
n

 <  �‰  "n ¥ 1  but you should be able to see why now.  See the Problem Set.

Background

About the author
Peter Haggstrom born (1955) attended James Ruse Agricultural High School then Macquarie University where he had the 
good fortune to be exposed to some excellent teachers of maths and physics. In the 1970s Macquarie was the home for 
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wonderful teachers  such as Freddie Chong, John Corbett, Alan McIntosh, Joe Moyal, Alan Pryde, Ross Street and John 
Ward and others.  He admits to slithering out of Ross Street's lectures on category theory to do Fourier theory.  Students 
today would be horrified to learn of oral analysis examinations as part of the overall mark ("Mr Haggstrom, suppose a 
sequence {bn} has a convergent sub-sequence {an} , is {bn} convergent and, if not, why not? )  Female students were 
sometimes seen exiting in tears:  "Who cares if you can't prove the Bolzano-Weierstrass theorem anyway?"  This was in the 
days of no student debts and few students worked during term so you could actually concentrate on learning.

After graduating with straight A's in maths, physics and mathematical logic he joined the ranks of the Australian Public 
Service in Canberra having been chosen as one of 30 successful applicants out of 3,000 who applied to join a special scheme 
intended to fast track their public service careers.

After working in the Department of Defence (how do submarines escape detection?), the Department of Transport (transport 
of nuclear material) and the Commonwealth Ombudsman (want to complain about the Government?) he eventually settled in 
the Ombudsman's Office for about 10 years.  Then there was a lateral arabesque into chartered accounting  (a large global 
firm) as a tax specialist.  From there he returned to the public service as the first  Australian Special Tax Adviser ("Tax 
Ombudsman") where he had statutory powers to compel tax officers to answer questions, deliver up documents etc.  The 
next stop was funds management via BT Funds Management and then Deutsche Asset Management where has was a 
Director and Head of Technical Services.  In 2009, as a result of the global financial crisis, he and a small number of other 
former Deutsche staff set up a new company called Ironbark Asset Management to run their own business.  He is Managing 
Director and Head of Technical Services at Ironbark Asset Management.

He is currently a consultant member of the Australian Taxation Office's Tax and Superannuation Rulings Panels.

Along his career path he has studied (in no particular order) various aspects of actuarial studies, accounting, tax law,  invest-
ment theory and has spent lots of time reading maths and physics.

He races a rally car, does soft sand running and body surfing.

Why have I bothered doing this?

I have a  concern about future of mathematics  in Australia which is amply justified by national review of the mathematical 
sciences in Australia:  http://www.review.ms.unimelb.edu.au/MSReviewShort.pdf

Because mathematics is a fundamental "enabling" discipline with often unexpected applications, it is important that a small 
country such as Australia does all it can to ensure that it maximises the potential within the community.  Significant develop-
ments in academia and industry will not emerge with a superficial understanding of the concepts.  With only a handful of 
people graduating at honours or above in maths or statistics and a continually declining number of students doing the 
toughest maths courses, the number of people able to develop, enhance and apply mathematics to the real world will con-
tinue to decline.  From first hand experience in the finance world I  have seen some astonishingly low levels of mathematical 
sophistication and reasoning at even quite senior levels. Giving people who have trouble with the binomial theorem concep-
tual access to the central limit theorem is like giving a loaded Kalashnikov to a madman.

If what I have done inspires even a handful of students to develop their mathematical skills to a much higher level I will have 
succeeded.  
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My next project will be something on probability theory since it is so badly understood and often taught very poorly 
(because it is inherently  difficult).

APPENDIX 1

Proof by Contradiction

The structure of this type of proof runs like this.

You want to prove the statement P.

You assume the truth of  not-P.

You then  derive a contradiction.

Hence  not-P is false. This is because of the so-called �“law of the excluded middle�” ie  either P is true  or not-P is true, there 
being nothing �“in between�”.  This means that P is true.

The  statement �“If P then Q�” can be written symbolically  as  �“ P  Q�” and that is truth functionally equivalent to �“not ( P & 
not-Q)" .  This is demonstrated by  the following truth tables. The conditional �“If  P then Q�” is false only when the 
antecedent (P) is true and the consequent (Q) is false.  For a deeper understanding of basic logic you will need to consult a 
book such as W. V. Quine, Methods of Logic: Fourth Edition, Harvard University Press, 1982.  The symbol  " ¬ " 
signifies " not ".

P  Q
T T T
T F F
F T T
F T F

P Q HP & QL  HP & QL
T T F T
T F T F
F T F T
F F F T

To prove " P   Q "  the approach is to assume that " P "  is true and that  " Q "  is false ie that  " ¬  Q "  is true. A contradic-
tion is then  established.  Thus it cannot be the case that  �“ P & ¬ Q�” is true. This means that �“  (P & ¬ Q)" must be false 
which is to say that �“ ¬ (P & ¬ Q)" is true.  In other words �“P  Q�” is true.

What is described above underpins what is known as �“quantificational logic �“ which involves  statements such as �“For every 
positive integer n, if  P(1) is true and the truth  of P(n) implies the truth of  P(n+1), then P(n) is true for every n�”.  To see 
what is going on take a simple building block.

Consider the definition of the limit of a function.  In words the definition runs like this:  A function f(x) has a limit L as x 
approaches k, if for every positive  there is a positive  such that  f(x) is within  of L for every x  k which is within  of k.  
In terms of logical quantifiers the structure of this definition is as follows:
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